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Thermal quantum discord in Heisenberg models

with Dzyaloshinski Moriya interaction∗
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We study the quantum discord of the bipartite Heisenberg model with the Dzyaloshinski–Moriya (DM) interaction

in thermal equilibrium state and discuss the effect of the DM interaction on the quantum discord. The quantum

entanglement of the system is also discussed and compared with quantum discord. Our results show that the quantum

discord may reveal more properties of the system than quantum entanglement and the DM interaction may play an

important role in the Heisenberg model.
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1. Introduction

Among the fundamental concepts of the quan-
tum mechanics, the coherent superposition principle,
which shows the nonlocal property, is perhaps the
most crucial profound rule since it allows the simulta-
neous existence of the dichotomic orthogonal states
determining the qubit which lead to more efficient
ways to process information. It also allows for the
existence of entangled states when extended to two or
more subsystems. Entanglement is a kind of quan-
tum nonlocal correlation and has been deeply studied
in the past years,[1−6] nevertheless, the quantum dis-
cord measures quantum correlations of a more general
type of quantum correlation, and there exists separa-
ble mixed state having nonzero quantum discord.[7−9]

The quantum discord, which was investigated first
by Ollivier and Zurek,[7] is defined by the difference of
two ways of quantum mutual information, i.e.,

D(ρAB) = Iq(ρAB)−Jq(ρAB), (1)

where

Iq(ρAB) = H (ρA) + H (ρB)−H (ρAB) (2)

is the quantum mutual information, and

Jq(ρAB) = max
{Πk}

[H (ρA)−H (ρAB |{Πk})] (3)

is the quantum conditional entropy under the pro-
jective measurement {Πk}. In the above definition,
H (ρ) = −Tr[ρ log2 ρ] is the von Neumann entropy
of ρ, and ρA(B) is the reduced density matrix of
ρAB . Iq(ρAB) and Jq(ρAB) are different because
in the quantum system the correlation depends on
the measurement of the other quantum system. One
can introduce a complete set of projectors {Πi}, cor-
responding to the outcome i, which makes ρA|i =
Tr(ΠiρABΠi)/pi, with pi = TrAB(ΠiρABΠi).

Note that in the classical system, the mutual in-
formation measures the correlation between two ran-
dom variables A and B, which can be expressed as

Ic(A,B) = H (A) + H (B)−H (A,B),

and for the classical probability distributions, by us-
ing the Bayes’s rule, H (A|B) = H (A,B) − H (B),
the mutual information can also be expressed as

Jc(A,B) = H (A)−H (A|B) = Ic(A,B).

Here, H (X) = −∑
x pX=x log pX=x is the informa-

tion entropy in a random variable X, which contains
state x with the probability pX=x, and H (X, Y ) =
−∑

x,y pX=x,Y =y log pX=x,Y =y is the joint entropy,
with pX=x,Y =y being the probability in the case of
X = x and Y = y, which measures the total uncer-
tainty of a pair of random variables X and Y .
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Thus, the quantum discord will show clearly the
existence of quantum correlation in quantum system
and will also incur a distinction between quantum
correlation and classical correlation which will also
provide the probability used in quantum information
theory,[10] such as the Grover search.[11] Furthermore,
the quantum discord has been on an equal footing
with the entanglement, dissonance, and classical cor-
relations in using the concept of relative entropy.[12]

The quantum discord has been used to study
many kinds of quantum systems[13−16] and investi-
gate the correlations of the systems including the sys-
tems with quantum phase transition.[17−20] Recently,
the quantum discord of a two-qubit one-dimensional
XY Z Heisenberg chain in thermal equilibrium has
been studied,[20] where many unexpected ways differ-
ent from the thermal entanglement have been shown.
For the Heisenberg model, many properties have been
studied, however, the Dzyaloshinski–Moriya (DM)
anisotropic antisymmetric interaction has rarely been
considered,[21,22] which arises from the weak inter-
molecular interactions and describes an interaction of
extended superexchange mechanism by considering a
term arising naturally from the perturbation theory
due to the spin–orbit coupling. It has been shown that
the DM interaction may play an important role in the
entanglement of the bipartite system and the three-
particle system.[23−27] Thus, considering the quantum
discord in a two-qubit system with the DM interac-
tion is also interesting. In this paper, we will study
the quantum discord in the Heisenberg model with the
DM interaction, and discuss how the DM interaction
affects the quantum discord in such a system. We will

show that the quantum discord can describe more in-
formation than quantum entanglement and also indi-
cate more details about the correlation of the system
by quantum discord which cannot be shown by the
quantum entanglement.

The rest of this paper is organized as follows. We
give the analytic solution of the system in Section 2,
then discuss the quantum discord in Section 3, and
give the summary in Section 4 finally.

2. Solution of thermalized Hei-

senberg system

We consider the XY Z model in an external mag-
netic field acting on both qubits and there exits the
DM interaction. The DM anisotropic anti-symmetric
interaction arises from spin–orbit coupling, which can
be described as D·(σ1×σ2). In our study, we consider
only the case of DM interaction along the z direction,
i.e., Dz(σx

1σy
2 − σy

1σx
2 ), then the Hamiltonian of such

a model can be expressed as

H =
~
2
ω1σ

z
1 +

~
2
ω2σ

z
2 + Jxσx

1σx
2 + Jyσy

1σy
2

+ Jzσ
z
1σz

2 + Dz(σx
1σy

2 − σy
1σx

2 ), (4)

where Jx, Jy and Jz are the coupling constants; σx
j , σy

j

and σz
j are the Pauli operators acting on qubit j = 1, 2;

ω1 and ω2 are the Rabi frequency in the external mag-
netic field. In the following study, we will mainly con-
sider the case of XXZ model, i.e., Jx = Jy = J . In
the standard basis {|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉}, the Hamilto-
nian can be expressed in the following matrix form:

H =




~
2
(ω1 + ω2) + Jz 0 0 Jx − Jy

0
~
2
(ω1 − ω2)− Jz Jx + Jy + 2iD 0

0 Jx + Jy − 2iD −~
2
(ω1 − ω2)− Jz 0

Jx − Jy 0 0 −~
2
(ω1 + ω2) + Jz




. (5)

Then the equilibrium with a thermal reservoir at
temperature T (canonical ensemble) is

ρ = exp(−H/kT )/Z,

with
Z = Tr[exp(−H/kT )]

being the partition function and k being Boltzmann’s
constant. This density matrix can be worked out to

be

ρ =
1
Z




A11 0 0 A12

0 B11 B12 0

0 B21 B22 0

A21 0 0 A22




, (6)

where the elements of the matrix have been defined as

A11 =
(

1− cos α

2
eM/kT +

1 + cos α

2
e−M/kT

)
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× e−Jz/kT ,

A12 =
sinα

2
( e−M/kT − eM/kT ) e−Jz/kT ,

A21 =
sinα

2
( e−M/kT − eM/kT ) e−Jz/kT ,

A22 =
(

1 + cos α

2
e−M/kT +

1− cos α

2
eM/kT

)

× e−Jz/kT ,

B11 =
(

1− cos β

2
eN/kT +

1 + cos β

2
e−N/kT

)

× eJz/kT ,

B12 =
sinβ

2
( e−N/kT − eN/kT ) eJz/kT e iφ,

B21 =
sinβ

2
( e−N/kT − eN/kT ) eJz/kT e−iφ,

B22 =
(

1 + cos β

2
eN/kT +

1− cos β

2
e−N/kT

)

× eJz/kT , (7)

and Z = 2 cosh βM + 2 cosh βN with

M =

√[
~
2
(ω1 + ω2)

]2

+ (Jx − Jy)2,

N =

√[
~
2
(ω1 − ω2)

]2

+ (Jx + Jy)2 + 4D2, (8)

α, β and φ are defined as

tanα =
Jx − Jy

~
2
(ω1 + ω2)

,

tanβ =

√
(Jx + Jy)2 + 4D2

~
2
(ω1 − ω2)

,

tanφ =
2D

Jx + Jy
. (9)

3. Effects of DM interaction on

discord and entanglement

Now we can study the effect of the DM interaction
on quantum discord. The complete set of quantum or-
thogonal projectors can be chosen to be

Πj = |ϑj〉〈ϑj |, j = 1, 2 (10)

with

|ϑ1〉 = cos θ|0〉+ e iφ sin θ|1〉,
|ϑ2〉 = e−iφ sin θ|0〉 − cos θ|1〉, (11)

and the projector measuring on subsystem 2 is taken
over all possible values θ ∈ [0, π] and φ ∈ [0, 2π] when

we calculate the maximum classical correlation be-
tween the subsystems.

In order to analyse the correlation between the
qubits, we will also compare the quantum discord with
the quantum entanglement measured by the entan-
glement of formation (EOF) in the following study.
In the standard basis {|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉}, the Woot-
ter’s concurrence[25] is defined by

C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, (12)

where λi (i = 1, 2, 3, 4) is the square root of ρρ̃ with
ρ̃ = (σy

1 ⊗ σy
2 )ρ∗(σy

1 ⊗ σy
2 ). The EOF between the

qubits is a monotonically increasing function of the
Wootter’s concurrence C(ρ), i.e.,

EOF

= −f(C) log2 f(C)− [1−f(C)] log2[1−f(C)], (13)

with f(C) = (1 +
√

1− C2)/2.

3.1. In the absence of external magnetic

field

First, we consider the case of no external field
acting on the qubits, i.e., ω1 = ω2 = 0. Consider-
ing the XXZ model Jx = Jy 6= Jz, the numerical
results are shown in Figs. 1 and 2, where we have set
Jx = Jy = −0.5, Jz = −1. The results show that
in the case of |D| < 0.85, the quantum discord starts
from zero and increases with temperature increasing
to a maximum value, then decreases with the temper-
ature (see Fig. 1(b)), showing the existence of quan-
tum correlation in the thermal equilibrium, while the
EOF is always zero in this case (see Fig. 1(a)). This
result is coincident with the result in Ref. [20], while
in our study, the result has been extended to a gen-
eral case by considering the DM interaction. However,
we can find that such a property of the quantum dis-
cord with temperature is maintained only in the case
of small DM interaction (|D| < 0.85); when the DM
interaction is larger than a certain value, for exam-
ple |D| > 0.85, the quantum discord will start from 1
at zero temperature and turns into a monotonic de-
crease with temperature, while in this case the entan-
glement will decrease with a sudden death.[29] This
means that with the increase of the DM interaction, a
quantum phase transition will happen to this system.
The strength of the DM interaction determines which
phase the qubit is in. These properties of the quan-
tum discord are very interesting and exhibit different
quantum correlations which cannot be shown by the
quantum entanglement.
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Fig. 1. Entanglement (a) and discord (b) versus temper-

ature and DM interaction in the absence of external mag-

netic field, with using Jx = Jy = −0.5 and Jz = −1 for the

XXZ model and D ∈ [−1.5, 1.5] in numerical calculation.

Fig. 2. (a) Curves for discord versus DM interaction for

kT = 0.12, 0.41, 0.76; (b) Curves for discord versus tem-

perature for D = 0, 0.5, 1.0, 1.5.

When we consider the XXX model, the property
of the quantum discord is a little different, i.e., D = 0
is the critical point, and near the critical point the
quantum discord is 1 at zero temperature and with

temperature increasing, the discord decreases first,
then increases with temperature and reaches a maxi-
mum value and decreases again finally. This property
cannot be revealed by the quantum entanglement, ei-
ther. Such a property is a little more complicated
than the XXZ model (see Fig. 3), where we have set
Jx = Jy = Jz = −1. Different from the case of the
XXZ model, no clearly critical line can be found in
this case, but it is similarly to the case of the XXZ

model. So, the quantum discord reveals more informa-
tion about the quantum correlation than the quantum
entanglement.

Fig. 3. Entanglement (a) and discord (b) versus temper-

ature and DM interaction in the absence of an external

field, with using Jx = Jy = Jz = −1 for the XXX model

and D ∈ [−1.5, 1.5] in numerical calculation.

3.2. In the presence of external magnetic

field

Now, we consider the case where the magnetic
field is added to the qubits system. Figures 4 and 5
show the variations of quantum discord under the in-
fluence of the field, where we have set Jx = Jy = 0.5,
Jz = −1, and D = 0.5 for Fig. 4(a), D = 1.5 for
Fig. 4(b). Note that, in the case of D = 0.5, and
ω ∈ [0, 2] in units of 1/2~, the quantum discord also
increases with temperature increasing, reaches a maxi-
mum and then decreases with temperature increasing,
but the amplitude decreases with the strength of the
field. While in this case, the quantum entanglement
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EOF is always zero and it is unable to show any cor-
relation property between the qubits. It is interesting
to note that in the case of D = 1.5, with the increase
of the field, the property of quantum discord will also
undergo a quantum phase transition, i.e., the discord
starts from 1 at zero temperature and monotonically
decreases with temperature increasing when the field
strength is small, and the discord starts from zero at
zero temperature and then increases, with the increase
of temperature, to a maximum value (see Fig. 4(b))
where the field is strong enough, showing the same
property as that in the case of D = 0.5.

The above results imply that more properties of
the effect of the DM interaction of the Heisenberg
model can be revealed by the quantum discord, while
they cannot be described completely by the quantum
entanglement.

Fig. 4. Curves for discord versus temperature and field

strength, with using Jx = Jy = −0.5, Jz = −1 for the

XXZ model, and ω1 = ω2 = ω, ω ∈ [0, 2] (in units of

1/2~) in numerical calculation. (a) D = 0.5; (b) D = 1.5.

Fig. 5. Curves for discord versus temperature for certain

values of the field, ω1 = ω2 = ω = 0, 0.3, 0.7, 1.0 (in units

of 1/2~), with using parameters with D = 0.5 (a) and

D = 1.5 (b), Jx = Jy = −0.5 and Jz = −1.

4. Conclusion

We have studied the quantum discord in Heisen-
berg models with DM interaction and the relation
between quantum discord and the DM interaction.
Our results show that the quantum discord can de-
scribe more information about quantum correlation
than quantum entanglement and more properties can
be revealed by quantum discord. The DM interaction
may also play an important role in the model and the
correlation of thermal equilibrium state of the qubits
shows different properties for different DM interac-
tions. However, not all properties can be revealed by
the quantum entanglement. These results also imply
that the quantum discord may serve as a more general
tool to study the quantum system than entanglement
especially to study the quantum correlations in quan-
tum systems.
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