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1 Introduction

2 Fisher information for a non-full rank density matrix

Abstract

We provide a new expression of the quantum Fisher information(QFI) for a general system. Utilizing
this expression, the QFI for a non-full rank density matriz is only determined by its support. This
expression can bring convenience for a infinite dimensional density matriz with a finite support. Be-

sides, a matriz representation of the QFI is also given.

Quantum metrology is a field that utilizes the character of quantum mechanics to improve the
precision of a parameter under detection [1]. For the past few years, this field has drawn a lot of
attention and has been developing rapidly [2, 3, 4, 5, 6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17]. Quantum
Fisher information(QFT) is a central concept in quantum metrology because it depicts the lower bound

on the variance of the estimator 6 for the parameter 6 due to the Cramér-Rao theorem [18, 19, 20]

A 1
var(6) > ol (1)

where var(-) is the variance, v is the number of repeated experiments and F' is the QFI. However, the
QFI is not just limited in the field of quantum metrology. It has been widely applied in other aspects
of quantum physics [21, 22, 103, 24, 25, 26, 27, 28, 95, 30, 31, 32, 33|, like quantum information and
open quantum systems. Thus, it is necessary and meaningful to study the quantum Fisher information
as well as its properties and dynamical behaviors under various circumstances.

“Ve—

Quantum Fisher information is a local quantity, which can be intuitively interpreted as the
locity” at which the density matrix moves for a given parameter value. This physical interpretation
comes from the fact that the QFI is dependent on the parameterized density matrix pg and its first
derivative Jypg. Utilizing the spectral decomposition, when the eigenstates of pg as projectors, act on
pe and its first derivative, the value is only related to the spectral decomposition within the support,
which strongly hints that the QFI may be expressed in the representation of the density matrix’s
support. To find such an expression is the major motivation of this paper.

In this paper, we provide a new expression of the quantum Fisher information in the representation
of the density matrix’s support. With this expression, for a non-full rank density matrix, especially
for a infinite dimension one, the QFI may be solved in a finite support space without realizing the
knowledge out of the support. Recently, it is found [32, 31] that the QFI can be written in the
form of the convex roof of variance. To obtain the QFI, one should take the minimum value running
over all the possible pure-state ensembles. Utilizing the new expression, we give the condition when
the ensemble from the spectral decomposition is the optimal ensemble in which the minimum value

attains. Besides, we also provide a matrix representation form of the QFI and give two examples of

it.



In the following we consider a N-dimensional system (N can be infinite) with the density operator
pg, which is dependent on the parameter 6. Assume that the spectral decomposition of the density

operator is given by
S
po = pilti)(thil, (2)
i=1

where p; is a eigenvalue and [¢);) is a eigenstate. s is the dimension of the support set of py, denoted
as supp(pg), i.e., s = dim[supp(py)].
For a parameterized quantum state py, the quantum Fisher information F' is defined as below [19,
20]
F = tr(pgL?), (3)

where L is the so-called symmetric logarithmic derivative operator and determined by
1
Ogpo = B (Lpg + poL) . (4)
In the eigenbasis of py, above equation reads

1
(Vi|Oapoltj) = 5(]% + p;)Lij, (5)

where L;; := (¢;|L|;). From above equation, one can find that L;; is in principle supported by the
full space, but the value of L;; for 4,7 > s is arbitrary because above equation is always established
for any value of L;; when 4, j > s. Nevertheless, the quantum Fisher information is still a determinate
quantity because the calculation of it does not use those values of L;; for 4, j > s, which we will show
below. Thus, one can set L;; = 0 for 4, j > s as a matter of convenience.

By substituting Eq. (2) and the normalization relation I = Z;\I:l |1;) (14| into Eq. (3), one can

obtain the quantum Fisher information as

s N
F=Y" piLiL;. (6)

i=1 j=1
Here I is the identity operator. All p; here is greater than zero because the index i < s and satisfies
> 7 i pi = 1. From this equation we see that the randomicity of L;; for i,j > s does not affect the
certainty of the quantum Fisher information. As p; > 0, Eq. (5) can be rewritten into

2(0sp0)i;
Lij=——"2, (7)
Pi + Py

where (0gpp)i;j == (¥i|Oppo|tp;). Utilizing this expression, Eq. (6) can be written in the form

s N

Fp=> Y WK%P@)MF, (8)

i=1 j=1
where the Hermiticity of the operator dyppy was used. Next, from the spectral decomposition of py,

one can find that
(Dopo)ij = Oopidi; + (pj — i) (Wi|Ot;), (9)



where we have used the equation
(VilOoths) = —(Ogthiltj), (10)

resulted from the orthogonality (v;|1;) = d;;. For i € [1,s] and j € [s+1,N], the expression of (Jppp)i;
reduces to —p;(1;|0g1p;). Substituting Eq. (9) into Eq. (8), we have

Z (Oos) +Zz4”’pl 0 o) P (11)

21 =1 j=1

Furthermore, with the knowledge that Z?I:1 = Z§'=1 + Z;\I:S 41, the second item of above expres-

sion can be separated into two parts F; and Fs. The first part Fj reads

=Y Muwzra@w , (12)

and the second part Fh reads

s N
=D D pil(Wil0sv) . (13)

i=1 j=s+1

Based on the normalization relation, it is easy to find that

Z ;) wJ\—H—Zw] (5. (14)

Jj=s+1
Substituting this equation into the expression of F5, one can obtain
S S
Fy =" 4pi(0pvilOatbi) — > 4pil (1;]0at0s) . (15)
i=1 i,j=1
Then, the quantum Fisher information can be expressed by

S

Fy = Zi (Dopi)® + ) _ 4pi (Dot Opy)

i—1 Pi i=1
"~ 8pip;

~ Z — - lwil Doy . (16)
4,j= 1

From this equation one can find that the quantum Fisher information for a non-full rank density
matrix is determined by its support. The information of eigenstates out of the support is not necessary
for the calculation of the QFI. This advantage would bring some convenience for the calculation in
some cases, especially when N is infinite and s is finite.

According the theory of the classical Fisher information [18, 19, 20], it is natural to treat the
first item of Eq. (16) as the classical contribution of quantum Fisher information [103] because
Yoy ]%(89191-)2 =437, (89\/@)2. Then the quantum Fisher information for a quantum system

can be separated into two parts, the classical contribution and quantum contribution, namely,
FBZFct+th7 (17)
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where the classical contribution reads
S
Fo=Y_ 4(9v/p)’, (18)
i=1

and the quantum contribution reads

Fa = 3 4pi@0ildt) = 37 PP | {grlopys) (19)

i=1 i Pi T D

The separation of the quantum Fisher information is not just in form. From the equations above,
one can find that the classical contribution of the quantum Fisher information is a special case of the
classical Fisher information. It can be treated as the classical Fisher information obtained through
the measurement {|t/;)} in the eigenspace of ps: EN. The eigenspace EN is spanned by the basis
{|1:)}, and {p;} is a classical distribution in this space. From Eq. (18), it is not difficult to find that
the classical contribution Fg is only related to the derivative of the eigenvalues, which indicates that
this part of information is coming from the classical distribution in EN. Moreover, we find that the
classical contribution has the following properties: (1) it vanishes for pure states; (2) it vanishes for
the unitary parametrization; (3) it is invariant under unitary transformation of density matrix, no
matter the transformation is parameter-dependent or not.

In the mean time, with some transformation, Eq. (19) can be rewritten as

S S 8 D
Fy = ZPiFQ(Wi)) - Z 'p+pj' (1| Og10) |2, (20)
i=1 i#£j Di T Pj
where
Fo(li)) = 4 ((0gwil Oty — [0l Oevi)|?) (21)

is the quantum Fisher information of the eigenstate [¢;). From this equation, it is clear that Fy is
related to the basis of EN. In EN, Fy is determined by the weighted average of all the quantum
Fisher information Fg(|¢);)) of the basis vector |¢;) and the coupling between these vectors. This
manifests that this part of information originates from the quantum structure of space EN. These are
the geometric meanings of the classical and quantum contribution as well as the intrinsic reason for
the separation.

We know the classical contribution of the QFI always vanishes for the unitary parametrization. But
for a non-unitary parametrization procedure, including the channel estimation [34, 35, 36, 37, 38, 39]
and the noise estimation [40, 41], the classical contribution does have an influence on the precision.
However, only improving the classical contribution without enhancing the quantum counterpart, the
precision is not available to surpass the shot-noise limit, the lower limit for a total classical scenario.
The estimation of the decoherence strength [41], in which the classical contribution plays the leading
role, is an example of this scenario.

The quantum Fisher information is a local quantity, which can be intuitively interpreted as the

“velocity” at which the matrix moves for a given parameter value. In mathematics, this means that the



quantum Fisher information depends on the density matrix pg and its first derivative Ogpg. Utilizing
the spectral decomposition, there exists items such as |1;)(0pt);| and |Ogt);)(10j|. When these items
are traced with the eigenstates out of the support, the values turn out to be zero. This is the intuitive
reason that the QFI can be expressed in the representation of the support. If the QFI is related to the
higher order derivatives, like the second one 92pp, then there would exist the item like |9p1);)(Dpr);].
As |0p1;) is not always orthogonal with |¢;), when this item is traced with the projectors out of the
support, the value cannot always be zero, then the quantum Fisher information has to be related to
the whole Hilbert space, rather than the support only.

For the unitary parametrization exp(i0H), the classical contribution vanishes, and the quantum

Fisher information reduces to

S S
Fq :ZPiFQ(Wi>) *Z# (Wil Hj)[?. (22)
ot  p; + p;
i= ]
In the mean time, Fg(|1);)) reduces to the form that is proportional to the variance of operator H on

the eigenstates, i.e.,
Fo(lvi) = 4(AH),,, (23)

where (AH)IZ@M) i= (i | H?|1;) — |(abi|H |1;)|? is the variance. Recently, Téth and Petz [32] found that
for a rank-2 system the quantum Fisher information can be treated as the convex roof of the variance,
then Yu [31] proves that this theorem is also established for a general system, namely,

Fy= min 4 AH)?, . 24
’ {qk,lvlm} zk:%( )|\I’k> 2

Here {qx, |Vx)} refers to a set of pure-state ensembles, which satisfies
po = Vi) (T, (25)
k

One should notice that the ensemble of the eigenvalues and eigenstates {p;,|¢;)} is one of these
ensembles, but not the only one. Comparing Eq. (22) with Eq. (24), one can find that the condition

for the ensemble {p;, [1);)} being the optimal ensemble is that the transition item

(ilH|j) =0, for any ¢ # j. (26)

For example, in some Mach-Zehnder interferometer, H = %(aTb— ab'), where a, b are the annihilation
operators of two modes, and af, b are the creation operators respectively. Choosing an appropriate
input state, like an even state [33] or a Fock state [30] in one port, the item (v;|H|v;) vanishes
for any i # j, then the ensemble {p;,|¢;)} is the optimal ensemble and the QFI reduces to Fy =
455 pi(AH) .

This condition can be checked through another way. Based on Ref. [31], we introduce an observable

_NC VPP
Y = ; Pi +1; Hij i) (W51, (27)



where H;j = (1;|H|1;). Denote the spectral decomposition Y = ), ax|yx) (yx|, then the optimal pure

state can be constructed as

U = ju*k Z Ukin/Pilt), (28)

with up = Y, |Ui*pi and Uy; = (ilyr). When |Ux) = |¢1), there must be |yx) = |[). As |yg)
is the eigenstate of observable Y, then one can see that the condition for |yx) = [ix) is that all the
off-diagonal elements of observable Y have to vanish, i.e., H;; = 0 for any ¢ # j, which coincides with

our result.

2.1 DMatrix representation

In this section we show a matrix representation of the quantum Fisher information. We consider the
classical contribution first. Define a N-dimensional diagonal matrix D with elements D;; = p;, then

the classical contribution can be rewritten in the form
2
Fuy = 4Tv (89\/5> . (29)

This equation is equivalent to Eq. (18) as p; = 0 for ¢ € [s 4+ 1, N].

Define a N-dimensional matrix P with the elements P;; := [(1);|0p1;)|?. It is easy to see that the
matrix P is real and symmetric. The symmetry can be proved by using Eq. (10) into the definition
above. Denote a constant N-dimensional matrix Z whose elements are 1, i.e., Z;; = 1 for any 7 and
Jj, and define a N-dimensional block diagonal matrix G, which is G = diag[Hsxs, 0(Nn—s)x (N—s)], Where
Hsxs is a s-dimensional real symmetric matrix. The elements of H are the harmonic mean values,
Hij = 2pip;/(pi + pj). With the help of above matrices, as well as the symmetry of P, i.e., P;j = Pji,

the quantum contribution can be written in the form
Fy =4Tr (DI - G)P]. (30)

This is the matrix representation of quantum contribution of the QFI. It is easy to see that the
coefficient matrix DZ — G is traceless.

The matrix P can be treated as the “transfer” matrix between the vector of the eigenstates
(|21), -+ 5 |i), -+, [¥n))T and its derivative vector. For a unitary parametrization, the element of
P reads Pi; = |(¢;|H|¢;)|*. In this case, the diagonal element of P is the survive probability of
the eigenstate |¢;) under the evolution H and the non-diagonal element is the transition probability
between |¢;) and |¢;) under H.

Compared with Egs. (18) and (19), the matrix representation of the quantum Fisher information
is related to the entire N-dimensional space. However, the coefficient matrix D, G and the “transfer”
matrix P are all real and symmetric. For a unitary parametrization, in the matrix representation,
one does not need to calculate the average value of H2, but the transition item (v;|H|t;) has to
be calculated through the entire space, not only those in the support. In the mean time, using the

expression of Eq. (19), one has to calculate the average value of H? under the eigenstates, but the



transition item needn’t to be calculated out of the support. These two representations have their own
merits and will bring convenience if being used properly.

In the following we give two examples utilizing this matrix representation. First we apply it
in the qubit case. In this case, the parameterized density matrix pg can be decomposed as pg =
Z?:l pi(0)|1;(0))(;(0)|. Then the coefficient matrix reads

-2
p2 — 2det pg 0

where the equation pips = det pg has been used. Thus, it is easy to obtain the quantum contribution
as
Fay = 4(1 — 4det py) P12, (32)

where Pra = [(1]0p12) |*.
When the state is a pure state, for instance p; = 1 and ps = 0, there is det pg = 0, then the

quantum contribution reduces to
Fyt = 4P12 = 4[(41|9pt02) . (33)

This form coincides with the traditional quantum Fisher information form for pure state: Fp =
(0gtp1|0pt01) — |{101|0p31)|?, which can be proved by substituting the normalization relation I =
|t1) (1| + [12){(1ha| into the item (Dptb1|0prb1). The classical contribution can also be obtained in

this case, which reads

_ (Oep12)®  detpy 2
Foo = o 1_ddetpp [0 (In det pg)] (34)

for mixed states and Fit = 0 for pure states. For a unitary parametrization, the quantum contribution

reads
Fye =4 (1 — 4det po) [{¢1|H|2)?, (35)

with |¢;) a eigenstate of py. As D is independent of 6, the classical contribution vanishes for both
mixed and pure states.

Next we give another example. Consider a density matrix with the following form [111]

(0.)
po = Quoy’”, (36)
n=0
where @, is a real number and independent of 6. ,oé,n) is a state of n particles in the entire Hilbert space.
This form is representative for an optical system taking into account the superselection rules [111].

For a unitary parametrization, the spectral decomposition of py reads
o] n
=33 Qua™ )W), (37)
n=0 i=0

where |¢§n)> = H 9]¢§n)>. In this case, the classical contribution vanishes. If the transition between

the eigenstates in different particle spaces through the Hamiltonian H is forbidden, which is feasible in



some cases [43], namely, (gbl(-n) |H |qz5§-n/)> = 0 when n # n/, then the “transfer” matrix P can be written
in a block diagonal form P = > >, P where P™ is the corresponding “transfer” matrix for fixed
n particles. According to the feature of trace operation, only the corresponding block diagonal part
of the coefficient matrices D, 7 and G matters in the calculation of the quantum contribution. If we
define D™, T and G as the coefficient matrices for fixed n particles, then the block diagonal
parts of D, Z and G can be expressed as ) Q» D Z 7™ and Y onQn G(™ . Thus, the quantum

Fisher information reads
Fo =43 QuTr [(D™T™ — g p]. (38)
n=0

Also, one can find that the quantum Fisher information F(™ in the subspace of fixed n particles can

be written as

(n) _ n n n
Fy) = 4Ty [( DM _ g >) Pl ﬂ (39)
Thus, one can write the total quantum Fisher information in the form
Fo=Y QuFS". (40)
n=0

This total quantum Fisher information is the weighted average of all the quantum Fisher information
for fixed n particles. This form of the QFI has been widely used in the optical interferometry devices
when no external global phase reference is present [44].

More generally, taking into account the transition between the eigenstates in different particle
subspaces, P can still be separated into blocks according to the particle number. Denote the sub-
block in the upper and lower triangular of P between n and n’ particle subspaces as Pn') and p'n),
respectively. The diagonal block P is the same as above. Then, P can be expressed in the form
P=3 PM 4 D ngn! P() so as T and G. Here all the elements of P(") is non-negative based on
the property of P. Thus, the total quantum Fisher information can be written as

Fo= Z QuFS) + > 4Tr [ ""’>P(”’">} , (41)
ntn’
where C") = Q,, DM T) _ g(nn'),

From this equation one can find that when all the elements of C(™) is non-negative, the transition

between the eigenstates in different particle subspaces, i.e., the second item of Eq. (41), can enhance

the total QFI. Apart from this condition, the effect has to be discussed case by case.

2.2 Conclusion

In this paper, we provide a new analytic expression of the quantum Fisher information. For a non-full
rank density matrix, this new expression is only determined by the support of the density matrix.
With this new expression, the QFI for some infinite systems can be solved in a finite support space.
This would bring significant advantage during the calculation in some scenarios. Besides, we also

provide a matrix representation form of the quantum Fisher information and give two examples



3 Fidelity susceptibility and quantum Fisher information for density

operators with arbitrary ranks

abstract

Taking into account the density matrices with non-full ranks, we show that the fidelity susceptibility
is determined by the support of the density matriz. Combining with the corresponding expression of
the quantum Fisher information, we rigorously prove that the fidelity susceptibility is proportional to
the quantum Fisher information. As this proof can be naturally extended to the full rank case, this
proportional relation is generally established for density matrices with arbitrary ranks. Furthermore,
we give an analytical expression of the quantum Fisher information matriz, and show that the quantum

Fisher information matriz can also be represented in the density matriz’s support.

3.1 Introduction

Quantum Fisher information (QFT) is the central concept in quantum metrology [45, 46, 47, 48, 49,
50, 51, 53, 54, 55, 52, 56]. It depicts the theoretical bound for the variance of an estimator [93, 94]

A 1
Var(6) > i (42)

Here 0 is the estimator for the parameter 6, Var(-) describes the variance, and F' is the so-called
quantum Fisher information. A related concept widely used in quantum physics is fidelity, which was
first introduced by Uhlmann in 1976 [59]. For a parameterized state p(f) and its neighbor state in
parameter space p(6 + §6), where 66 is a small change of 6, the fidelity is defined as

£(0,0+ 60) = Tey//p(@)p(0 + 66)/01(0). (43)

The form of fidelity is not unique, several alternative forms of fidelity have been proposed and dis-
cussed [60, 61, 62]. However, the Uhlmann fidelity is the most well-used form because it has a natural
relation with Bures distance. The fidelity only refers to the Uhlmann fidelity in this paper. The
fidelity in Eq. (43) reveals the distinguishability between state p(6) and state p(6 + 06). It depends on
the small change parameter 66. To avoid this dependence, the concept of fidelity susceptibility (FS) is
introduced [63]. It is generally believed that the first-order term of 66 in fidelity is zero [64, 65], thus
FS is determined by the second-order term with the definition

2f(0.0 + 59)

Xf = 9(36)2 (44)

F'S is a more effective tool than fidelity itself in quantum physics, especially in detecting the quantum
phase transitions [63, 66, 67].
Interestingly, the above two seemingly irrelevant concepts are in fact closely related to each other.

Generally, people vaguely believe that for a given state, the first-order term in fidelity equals to zero

and the expression of FS is proportional to that of QFI [64, 65, 68, 69]. This is certainly inarguable

10



for the cases with pure states or full-rank density matrices [64, 65]. However, for density matrices with
non-full ranks, a clear and rigorous proof is still lacking. In this work, we will resolve this problem.

Recently, we have obtained the expression of the QFI for a non-full rank density matrix, which
is determined by the support of the density matrix [70]. This makes us wonder that if the FS can
be written in a similar way and still proportional to the QFI, just like the cases with pure states or
full-rank density matrices. In this paper, we give a detailed calculation of the fidelity for a non-full
rank density matrix. We find that its first-order term still equals to zero and FS is also determined
by the support of the density matrix. The whole calculation is rigorous and the expression of FS
is proportional to that of QFI. Our proof can be easily extended to the full-rank case. In addition,
inspired by this result, we further study the quantum Fisher information matrix (QFIM), which is the
counterpart of the QFI for the multiple-parameter estimations. Through the calculation, we find that
the QFIM is also determined by the support of the density matrix.

The paper is organized as follows. In Sec. 3.2, for a non-full rank density matrix, we give the
detailed calculation of the fidelity. We show that its first-order term also vanishes as the case with full
rank. In this way, we get the expression of the FS, which is only determined by the density matrix’s
support, and proportional to the expression of QFI. In addition, we apply the expression of QFI (or
FS) to a non-full rank X state. In Sec. 3.3, we give the calculation of the QFIM and show that like
QFI, QFIM is also determined by the support of the density matrix. We also apply this expression to

a multiple parametrized X state with non-full rank. Section 3.4 is the conclusion of this work.

3.2 Proportional Relationship between FS and QFI

In the following, we derive the expression of fidelity for a non-full rank density matrix. From which,
we find the first-order term of fidelity vanishes. Then we get the expression of the FS, which is
determined by the support of the density matrix. With the corresponding expression of the QFI,
we prove the proportional relationship between FS and QFI. Although our proof concentrates on the

density matrices with non-full ranks, it could be extended to the ones with full ranks as well.

3.2.1 Proof the Proportional Relationship

We will first obtain the expression of FS from the definition of fidelity in Eq. (43). For brevity, we
rewrite the expression of fidelity as f = Trv/M with M := /p(0)p(6 + 660)+/p(0). We start our
calculation by expanding p(6 + d6) up to the second order of the small change 660 as p(6 + §6) =
p(0) + 0gpd + %092,0529 with 9gp := Op/00 and 93p := 9*p/06?. Then the matrix M takes the form

M = p2(0) + A0 + 35529. (45)

where A = /p(0)9pp+/p(0) and B = /p(0)93p+/p(f). This allows us to assume the square root of
M in the form like

VM = p(8) + X660 + Y526, (46)

11



which is also up to the second-order term of §6. As a result, taking square of both sides of Eq. (46),
one can find the relations

A= pX + Xp, (47)
1
5B = pY + Vp + X2 (48)

Once the matrices A and B are obtained, the information of the matrices X and ) will be extracted
from these two relationships.

Consequently, the expression of fidelity could be achieved from Eq. (46) as
f=14Tr(X)s0 + Tr(Y)s26. (49)

Here Tr(X') and Tr()) are the first and second order terms of the fidelity, respectively. It is generally
believed that the first-order term disappears in fidelity, i.e., Tr(X) = 0. However, this conclusion is
only well established for pure states or full rank density matrices [64, 65]. Below we will show that it
also holds for density matrices with non-full ranks. This provides a precondition to get the expression

of FS, which is determined by the second-term of fidelity
xf = —2Tr). (50)

Up to this point, the density matrix p() is still arbitrary, which could be either full rank or non-full
rank. Next, to explicitly see the expression of fidelity for non-full rank density matrices, we denote
the spectral decomposition of p(#) as

M

p(0) = Xi(0)[i(0))(1i(0)]. (51)

i=1
Here \;(0) and [¢;(0)) are the ith eigenvalue and eigenstate of the density matrix, respectively. M is
the rank of the density matrix p(6), which equals to the dimension of the support of p(6). We also
denote the total dimension of the density matrix as IV, which implies that M < N. In the following,
we will use \;, [1;) instead of \;(6) and |v;(#)) for convenience.

It is known that for the density matrix with rank M = 1 (pure state) or M = N (full-rank),
the first order term of fidelity TrX = 0 [64, 65]. This is a precondition to get the expression of the
well-known expression of FS, determined by the second order of fidelity [64, 65]. However, if one
straightforwardly substitutes Eq. (51) into Eq. (47) to get the value of Tr(&X’), one can find the fact
that (¢;|X|v;) is arbitrary for ¢ > M and j > M, which will result in the arbitrariness of the value
of Tr(X). That is, Tr(X) may become undeterminable for density matrices with non-full ranks. This
may bring a different expression of fidelity susceptibility. In fact, this is not true. Below we will show
how to avoid this nondeterminacy.

First, we discuss the structure of A and B. Substituting Eq. (51) into A and B, and denote
(1i|O)1;) = Oyj, one find that

Aij = [Vp(0)ep\/ p(0)],; = /Xikj (op);;
Bij = [Vp0)dipV/p0)lij = /XX (%p),; - (52)

12



Here the first and second derivatives of the density matrix are

(Dop)ij = NiBgAidij + / NiXj (Ai — Aj) (Dorbiliy), (53)

D50)y; = OpNidij + 2 (DoXi — o)) (Bothil ;)
X (Wil 0 by) + NelOFailb) + ) 2Nk (0i|Ogri) (Datiely), (54)
k

with ¢;; the Kronecker delta function. From these expressions, one find that when 7 > M or j > M,
(99p)ij = (09°p)ij = 0. That is, both the matrices [9pp] and [02p] are block diagonal with the support
dimension of M, as well as the density matrix p. Thus the matrices A and B are also block-diagonal
ones, with the elements within the support (¢ < M and j < M) are nonzero. As a result, denoting

the M-dimensional non-zero block of p?, A and B as p?, As and B, we have

M- ( P2+ A0+ 3B5%0 O(n_aryer ) | (55)

Oprs(N—M) ON—M)x(N—M)

Since the square root operation on a block diagonal matrix can be manipulated on each block sepa-

rately, the square root of M becomes

JM — ( \/p§ + A00 + %85529 ON—n)x M > . (56)
Onrx(N—M1) O(N—M)x(N—M)

Comparing the above equation with Eq. (46), one can find that the matrix X and )’ must be block-
diagonal matrices, of which only the elements within the support are nonzero. Therefore, according

to Egs. (46) and (47), one gets the matrix X as

Nowvo sy o
209Nl + #<89wi|¢j>v i,j € [1, M];

Xij = AitA; (57)
0, others.
Then it is easily found that
1 & 1
Tr(X) = 3 Zl Op\; = 5agTrp =0. (58)
1=

Namely, the first order expansion of fidelity vanishes. In this way, the problem of the nondeterminacy
of Tr(X) is settled. This guarantees that the definition of F'S is determined by the second order of
fidelity, as shown in Eq. (50).

Next, to obtain the second order of fidelity, one should know the explicit form of the diagonal

elements of ). From Eq. (54), it is easy to get the diagonal elements of B
Bii = MiOj i — 207 (D9l 0ptbi) + Y 2Xi M| (Wi D) . (59)
k

where the identity (93t;|vi) + (¥il0310:) = —2(0p1)i|0p1);) has been used. Then according to the

relation (48) and the expressions (57) and (59), one can obtain the diagonal element of ) within the
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support as

1 1 SR SPY:
i = 203N — - (BoXi)” — S Xi(Opti| O — R (i ) |-
Yii = 70 8/\i(e ) =5 <91/J|9¢>+;()\i+)\k)2|<¢|e¢k>|
(60)
Considering the fact that Zle }132)\ = %892Tr,0 =0 and
M
202
g (il O 0 : 61
Z Ovt )\k)g‘<¢ |Opthy.)|? [ Ogr) | (61)
i,k=1 i,k=
the FS is finally obtained from (50) as
1
xf=—-2Iry = ZF’ (62)
where F is exactly the expression of QFT for a non-full rank density matrix [70]
M 2 M M
Op\i 8A\iA
S A S sl > | ilau (63)

i=1 v i=1 k=1

From this result one can find that for non-full rank density matrices, the proportional relation between
QFT and fidelity susceptibility is still valid. One should notice that the calculation above also covers
the full rank case when choosing M = N. Therefore, we can reach the final conclusion that fidelity

susceptibility is proportional to the quantum Fisher information for a general density matrix.

3.2.2 Application to X states

To see how to calculate the QFI or FS, we take the X state as an example, which is defined as [71, 72,
73, 74, 75]

a 0 0 w
0 b 2z O
= 64
px 0 z ¢ O (64)
w 0 0 d

This type of states include maximally entangled Bell states and Werner states. The properties of
this state have been widely discussed [71, 72, 73, 74, 75]. Here we set z = 2* = Vbe. Then the four

eigenvalues of (64) become
1
M =b+ec A =0, /\izi[cH—di\/A}, (65)

where A = (a — d)? + 4|w|?>. Obviously, the dimension of the support is M = 3. In addition, the

eigenstates corresponding to A\; and Ay are

T T
’1/}1> = €1 (07 \/E? 17O> ) |¢i> = €+ <ad2j;\/Z7 07 07 1) ; (66)
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where ¢, = /c/(b+¢) and ex = %.

We consider an estimation of the parameter 6 introduced by the following unitary operation
U = exp (—iaoy), (67)

where 0 = 0, ® [. Here I is the 2 x 2 identity matrix and o, is a Pauli matrix, which reads

o, = diag(1, —1). In this case, the QFI reduces to

F = 4>\i<A203>i + 4\ <A2O'?>1
160\ oy 16X\

1=

[(ilo2n) 2, (68)

where (A20%); = (] (02)? [thi) — (bs]o®|ibs)?. Tt is obvious that QFI is only constituted by the
nonzero eigenvalues and the corresponding eigenstates of the density matrix (64), namely, QFI is only
determined by the support of (64).

Substituting the values of Ay ; and |14 1) into above expression, the QFI can be finally simplified

F—16< wl* b ) (69)

as

a+d b+c
To guarantee the positivity of the density matrix px, it requires that all the diagonal elements of px
are positive and ad > |w|?. In the mean time, we know that b+ ¢ > 2v/bc and a 4+ d > 2v/ad, then
one can find that

F <8 (Ju] + Vec). (70)

Namely, the maximum QFT is Fjax = 8(|w| + v/bc), which is satisfied under the condition a = d = |w|
and b = c¢. This indicates that by suitably choosing the input state, one could get the maximum QFI,
which gives the minimum uncertainty of the unknown parameter o from Eq. (42). One of the optimal

X state in this case is the bell state |®T) = (|00) + |11))/+/2. Explicitly, it is

) (@] = (71)

= o O =
o O o O
o O O O
_ o O =

Thus, the maximum value of the QFI is F.x = 4.

3.3 Extention to QFIM

Quantum Fisher information matrix (QFIM) is the counterpart of QFI in multiple-parameter esti-
mations. Since QFI for a non-full rank density matrix p is determined by the support of p, then
it is reasonable to speculate that QFIM could also be expressed similarly. In the following, we will
calculate the specific form of the QFIM for a density matrix with arbitrary rank and show that it is
indeed determined by the support of density matrix.
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3.3.1 Expression of QFIM

We start from the definition of QFIM, whose elements read [93, 94]

Fup = 50 [p{Las L5}, (72

where the symmetric logarithmic derivative (SLD) L,, for the parameter 6,, is determined by

dp 1
2.~ 2 (pLyy + Linp) - (73)

As the same as the above section, we denote the dimension of the density matrix’s support as M, and
the total dimension of it is N. And we define [Ly,};j := (¢i|Lm|1;). From the spectral decomposition
of density matrix p in (51), one can obtain the mth SLD as

25,09, \i o .
[L ]zg _ )\]Zf)\ + )\1+)\ <¢Z‘69 w]> (23S [17M]7
arbitrary value, others.

(74)

Here [L,,];; could be an arbitrary value out of the support of the density matrix. However, this
arbitrariness has no influence on the determinacy of QFIM. This is because these random values are
not involved in the calculation, which will be shown below.

Based on the definition (72), the elements of QFIM can be expressed by
Z Z Ai ([Lalij[Lplji + [Lalij[Lalji) » (75)
i=1 j=1

where the identity sz\il |1i) (1i| = I has been used. From Eq. (74), one find that when ¢ € [1, M] and
j € [L,N],

4 (N — \j)? 4 (9ari) (98A;) 0ij
La i L it — . . 9 \Ya¥i 0, i ) 76
[ ]J[ ,B]J ()\ +/\) < ¢WJJ><¢J’ B¢> ()\1‘4‘)\3‘)2 ( )
with 9, 5 the logogram of Jp, ,. For a fixed ¢ satisfying ¢ < M, there is
N M
Z [Lalij[Lglji = 4{0ai|0p¢i) — Z Uil 1) (1;108%i). (77)
j=M+1 Jj=1

Then substituting above equation into Eq. (75), one can obtain the final expression of the element of
QFIM.
As a result, the QFIM can be splitted into the summation of two parts, i.e.,

fa,@:FCt+tha (78)
where
2 (8ai)(95N)
For = Z:; N (79)

is the classical contribution, which is determined by the eigenvalues of the density matrix, and

M Mooy
Fuu = Y INRE(@rsl)) = D A el Guth ) 0 93 (50)
i= LI=



is the quantum contribution, determined by eigenvalues and eigenstates simultaneously. This divi-
sion between the classical and quantum contribution is similar to the case of the single-parameter
estimations [70, 76].

From Egs. (79) and (80), one see that there are several properties for QFIM. First, it is a real
symmetric matrix, i.e., Fog € R and F,3 = Fgo. Second, like the QFI in Sec. 2, the QFIM is
determined by the support of the density matrix. Moreover, the diagonal term of QFIM reads

E

M

(Oa >\ 8AN

—~ At A

+ 24)\ o¢¢7,|aawz Oﬂ/)i|wj>|27 (81)

=1

which is exactly the QFI expression for the single parameter ,. In addition, for a pure state |¢)(¢|,

the expression of QFIM reduces to the well-known result [93, 94]
Fap = 4Re ((0at|0p) — (at)|)(¥|0p¢)) - (82)

3.3.2 Application to X state

We again take the X state (64) as an example. Assume that the parametrization process is described
by

Uy = exp [ (aa + Bo? )} ) (83)
here ¢ =0, ® I and of =1® 0,. We set z = z* = Vbe. In this case, the element of QFIM are
o 8AiA; o
Fas = 3 ANRe ((wiloZo2i)) = 3 S=oRe (ilofl o)) (84)
i=+,1 ij==+,1

As expected, it is only determined by the nonzero eigenvalues and the corresponding eigenstates of
the density matrix.

After some calculations, the explicit form of QFIM for X state can be simplified as

|wl|? bc |wl|? bc
:1 ]:[ - x|
4 6Ka+d+b+c T\ard bvre)? (85)

Here 0, is a Pauli matrix. From Eq. (85), one can see that its diagonal element F,, is exactly the

expression of QFI for single-parameter estimation shown in (69).

3.4 Conclusion

In this paper, we study the relationship between the fidelity susceptibility and quantum Fisher infor-
mation. We give a rigorous proof that the fidelity susceptibility is determined by the support of the
density matrices, and it is proportional to the quantum Fisher information. Particularly, this proof
is focused on the density matrices with non-full ranks. However, the proof can be easily extended to
the full rank case. Then we apply the result to a X state. Furthermore, we show that, similar to
the quantum Fisher information, for a non-full rank density matrix, the quantum Fisher information
matrix is also determined by the support of the density matrix. We also take the X state as an example

to apply this expression.
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4 Quantum Fisher information and symmetric logarithmic deriva-

tive via anti-commutators

abstract Symmetric logarithmic derivative (SLD) is a key quantity to obtain quantum Fisher infor-
mation (QFI) and to construct the corresponding optimal measurements. Here we develop a method
to calculate the SLD and QFI via anti-commutators. This method is originated from the Lyapunov
representation and would be very useful for cases that the anti-commutators among the state and its
partial derivative exhibits periodic properties. As an application, we discuss a class of states, whose
squares linearly depend on the states themselves, and give the corresponding analytical expressions of
SLD and QFI. A noisy scenario of this class of states is also considered and discussed. Finally, we
readily apply the method to the block-diagonal states and the multi-parameter estimation problems.
Quantum metrology has been going through a great development in recent years [77, 78, 79, 80,
81, 82, 83, 84, 85, 86, 87, 88, 92, 89, 90, 91]. Quantum Fisher information (QFI) is a crucial concept
in quantum metrology as it depicts the lower bound on the variance of an unbiased estimator for the
parameter under estimation, according to the quantum Cramér-Rao theorem [93, 94]. The definition
of QFL is F := (L?) = Tr(pL?) [93, 94], where L is so-called symmetric logarithmic derivative (SLD).

Denoting the parameter under estimation as 8, the SLD operator is determined by the equation
1
9p = 5 (pL + Lp). (86)

Taking the trace on both sides of this equation, one can see that (L) = 0. Therefore, the QFTI is
actually the variance of SLD operator, i.e., ' = (A2L), with A%2L := (L — (L))

The SLD operator is important for two reasons. First, it is obvious that the QFI can be directly
obtained when the SLD operator is known. Second, the achievement of quantum Cramér-Rao bound
strongly depends on the measurement, namely, it can only be achieved for some optimal measurements.
The eigenbasis of SLD operator is such theoretical optimal measurements [95, 96, 97]. Thus, the study
of SLD operator could help us to construct or find optimal measurements for the achievement of the
highest precision.

The traditional method for the calculation of SLD operator is to expand it in the eigenspace of
density matrix. We now denote the spectral decomposition of p as le\i L Pili) (Wi, with p;, 1) the
1th eigenvalue and eigenstate of p, respectively. M is the dimension of p’s support. When p is positive
definite (or full rank), M equals to the state’s dimension d. In this representation, the element of SLD
operator can be expressed by [98, 99, 100]

Lij = pfajzzj dij + Z J_rzj (Optil 1), (87)
for any of ¢, j less than M and L;; can be an arbitrary number for both i, j larger than M. This

method to calculate SLD operator is useful when the spectral decomposition of p is not difficult to
obtain, which is, however, not an easy task generally.
Lyapunov representation is another method to obtain the SLD operator and applied in many

scenarios [101, 102, 103]. The definition equation (86) is actually a special form of Lyapunov equation,

18



indicating that SLD operator is a corresponding solution. In this representation, the SLD operator is
expressed by [103]
oo
L=9 / % (Dpp) e ds. (88)
0

One advantage of this representation is that it is basis-independent. Generally, this representation is
no easier to obtain than the traditional method. However, similar to the traditional one, Lyapunov
representation would be very useful for some scenarios. In this paper, we first review the Lyapunov
representation and figure out that Eq. (88) is available for both full and non-full rank density matrices.
Then we provide a new basis-independent expression of SLD operator based on the Lyapunov form.
The new expression would be extremely useful when the anti-commutator between the density matrix
and its partial derivative exhibits periodic properties.

To show the advantage of this method, we apply it in a class of states showing a linear relation
with their squares. This class includes all pure and two-level states. We provide simple expressions of
SLD operator and corresponding QFI via the given method for this class. Especially, as a special case,
general basis-independent expressions of SLD and QFI for any two-level state are provided. Noise
from the environment are widely exist in reality. The scenario for these states under white noise are
considered. Moreover, we also discuss the block diagonal states and the multiparameter estimations.

Lyapunov representation.-As the beginning of this paper, we first review the derivation of Lyapunov
representation of SLD operator. Mathematically, Eq. (86) is known as a special form of Lyapunov
equation. To solve this equation, one can construct a function f(s) = e P*Le ?%, which satisfies
f(0) = L. The partial derivative of f(s) on s is dsf(s) = —2e™"* (Ogp) e P°. Integrating both sides of
this derivative equation, one can obtain f(oo) — f(0) = =2 [~ e **(9pp)e P*ds. When p is full rank,
e P trends to zero for s — oo, indicating that f(oco) = 0. Thus, the SLD operator can be directly
written in the form of Eq. (88). However, when p is non-full rank, f(co) cannot vanish. Reminding
that M and d are the dimensions of the support and p respectively, then the limitation of e™® equals
to diag {0as, Ig—ps} when s trends to positive infinite. Here 0y is the M-dimensional zero matrix and

I4_ps is the (d — M)-dimensional identity matrix. Correspondingly, we manually separate the SLD

A B,_
I = ; M d—M,M ’ (89)
BdfM,M Ca—m

operator into four blocks as

where the Hermiticity of L is applied. Utilizing this form, one can see that f(co) = diag {Oar, Ca—nr}-
Meanwhile, for the integrand e ?*(Jpp)e P%, only the elements within the support is nonzero, thus,
L has to be in a block diagonal form, i.e., B4_p,n = 0. Since the block Cy_js cannot be solved by
Eq. (86), Cyq_ps is actually undefined here. However, Cy_j; will not be involved in the calculation of
QFT [98, 99], therefore, it will not bring indeterminacy on the final expression of QFI. Based on this
reason, we can simply take Cy_j; = 0 for convenience. In this way, the SLD operators for both full
and non-full rank density operators can be uniformly expressed in Eq. (88).

A further method.-Defining the anti-commutator p° as p°(-) = {p, -} and noticing the fact that the
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improper integral fooo can also be written as lgn fos, Eq. (88) can be further expressed in the form
S§— 00

L= 2lm S ﬂ( DI (90)
a $—00 — (77, + 1)' P o

This is a further basis-independent form of SLD. This formula would be very useful when the
anti-commutator among p and its partial derivative exhibits periodic properties. In some cases, p°
is the eigen-superoperator of Jyp, i.e., p°Fypp = adyp with a a real number. When a > 0, the SLD
operator reduces to a very simple form

L= gagp. (91)

The simplest case here is the pure states. For a pure state, it is easy to see that a = 1 as p?> = p.
Thus, the SLD operator for pure states is L = 20gp.

Moreover, because of the equality

n

(0°)" Bop =Y _ Cr*p™ (Bop) P, (92)

m=0

where C]' = n!/[m!(n —m)!], the SLD operator in Eq. (90) can also be written in the form
Cr'p™ (Opp) p" ™. (93)

This form of SLD operator could be very useful when p™ (9pp) p~™ are easy to calculate. Especially,

when p commutes with dpp, above formula reduces to

L=p"'0p=(9op)p ", (94)

where the equality » ", Cr" = 2" has been applied. The detailed calculation can be found in the

supplemental material. Based on this equation, the corresponding QFI reads
F ="Tr[p~"(99p)?]. (95)

Unitary parametrization.-A unitary parametrization process contains a large category of realistic
parametrization processes. Recently, an alternative representation of QFI for unitary parametrization
processes has been discussed [109, 110]. For a unitary parametrization process, the parametrized state
p = U(0)pinUT(0), with U(#) a f-dependent unitary matrix. The initial state pi, is 6-independent.
A key quantity in this alternative representation is a Hermitian operator H = i(9pUT)U. All the
information of parametrization is involved in this basis-independent operator. For a unitary process,
the QFI can be expressed by

F="Tr (pull), (96)

where Log = UTLU is the effective SLD operator. In this scenario, it is easy to find that p™ (9pp) p" ™ =
iU P [H, pin] p"~™UT. Based on Eq. (93), the effective SLD operator can be written as

— _ 91 — (_5)n+1 m m . n—m
Lo = —1i2 SILI&TIZJ)T;) mcn Pin [Ha Pm] Pin - (97)
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For a pure initial state, as pin[H, pin)pin = 0, Leg reduces to the known form Leg = 12[H, pin] [110].
When the equation {%apiQn} = 2pinHpin is satisfied, pi, and [H, pin] are commutative. Then the
effective SLD operator is Leg = ¢ (’H - p-m’Hpi;l) .

Application.-Now we apply Eq. (90) into a class of density operators, which share a common feature

as below
p2 =ap— ﬁ7 (98)

where « and 3 are real numbers. In the eigenbasis of p, above equation is equivalent to p? =ap; —f
for any i, which gives the solution p; = [ £ \/a2 — 48]/2. If only one of the solutions is positive, the
density matrix is trivially proportional to the identity matrix. Thus, we only consider the situation
that both solutions are positive, i.e., « > 0 and § > 0. Moreover, it is worth to notice that «, 8 in
Eq. (98) can either depends on 6 or not. Several well-known states, including all pure and two-level
states, satisfy this relation. From Eq. (98), it is easy to see that P = Trp? = o — 3 is the purity of p
and satisfies d~! < P < 1 with d the dimension of p. From Eq. (90), the SLD operator for this class
of states can be expressed by

L= é [209p + (89B) p - dpa . (99)

1 is the inverse matrix of p on the support. The detailed

When p is non-full rank, i.e., detp =0, p~
derivation of this equation can be found in the supplemental material.

When a, 8 are both constant numbers independent of 6, the SLD operator reduces to L = 209pp/ .
Alternatively, a can be a constant and S is dependent on 6. Under this situation, the SLD operator
reduces to L = [20pp + (0pB8)p~ '] /o. A well-known case here is the two-level states, which can be
expressed in the Bloch representation p = (I +r - o) /2. Here o = (0x,0y,0,)T is the vector of Pauli
matrices and r is the Bloch vector. Utilizing this representation, one can immediately find that p

satisfies Eq. (98) with a =1 and g = (1 — P)/2. P is the purity. Then the SLD operator is
1
L =20pp — 5 (0sP) p~t. (100)

This is the general basis-independent expression of SLD operator for any two-level state. For pure
states, it is known that P = 1, then L reduces to the known form. For a two-level mixed state,

1

substituting the Bloch representation of p and p~" into above equation, the entire Bloch representation

of SLD operator in Ref. [104] can be reproduced.
Equation (99) is the general expression of SLD operator for all states satisfying Eq. (98). Utilizing

this formula, the corresponding basis-independent expression of QFI reads

Fo= % (20T (@90)* + (206)° Tep ™

—(2M — 1) (9pa) agﬁ] (101)

For a full rank density matrix, M equals to d. The advantage of this basis-independent expression

shows in two aspects. First, during the specific calculation, one can choose a convenient basis, in
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which Ogp or p~t

are easy to express or calculate. Second, utilizing a basis-independent formula, the
effects of the density matrix on the QFI are more distinct.
The fact that Harmonic mean is less than the Arithmetic mean implies the inequality Trp~! > M?2.

Meanwhile, it is easy to find Tr(dpp)? > 0. Thus, the QFI in Eq. (101) is bounded by the inequality
1
F > = |(M0yB) = (2M — 1) (990) 98] (102)

This lower bound only depends on the coefficients and can be used to roughly evaluate the QFI.
For the cases that o and 3 are both #-independent, the QFI reduces to F = 2Tr(dyp)?/a. When

« is a constant and [ is dependent on #, the QFI is in the form
=21 [0t (D9p)* + (893)* Trp~? (103)
- 052 9p 0 p °
From this equation, the QFT for any two-level state can be immediately obtained as
_ 2 1 2 -1
Fy=2Tr (0gp)” + 1 (OpP)" Trp— . (104)

This is a general and unified expression for any two-level state, including two-level pure states. For
any mixed two-level state, the QFI is bound by the inequality Fy > (9P)2.

Most quantum states has to face the disturbance from the environment in reality. White noise is
very usual in quantum processes. Several quantum metrological problems of states under white noise
have been discussed recently [105, 106, 107]. Usually, the white noise is depicted via the depolarizing
channel [108]. In this channel, the final state ps can be expressed by

]_ _
Pt = NPin + Tnﬂd, (105)

where p;, is the initial state and 7 is the reliability of the channel.

Now consider the situation that the initial state pi, satisfies Eq. (98), i.e., p?n = QinPin — Pin- Under
this situation, the final state also satisfies Eq. (98) with the coefficients o = nai, + 2(1 — 1) /d, and
B = n?Bin + n(1 — n)ain/d + (1 —n)%/d?. In this way, the SLD operator for the final state can be
directly obtained by substituting the specific formula of o and § into Eq. (99).

If oy, and Bi, are both #-independent, so will « and 3, the SLD operator then reads

B 2dn
dnain +2(1—n)

L Ao pin- (106)

One example for this case is a degenerate mixed state, i.e., py, = Zfil +1i(0)) (4 (0)|, where N
(N < d) is the degeneracy and (1;(0)[¢j(0)) = &;;. It is easy to see that p? = piy/N, satisfying
Eq. (98). Taking 6 as the parameter under estimation, the SLD operator can be directly written as

d
dn
Li = Lini, 107

f dn+2N(1—n); ’ (107)

where Liy ; = 20p(|0i) (i) is the SLD operator for |1;)(1;|. For a pure initial state, i.e., N = 1, the

SLD operator reduces to the known form discussed in Ref. [107].
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Alternatively, the reliability n can also be the parameter under estimation. In this case, it can be
checked that pf commutes with J,p¢. Thus, for any form of input state pi,, the SLD operator here is
always in the form of Eq. (94), namely, L = p; L9 p.

Ezxtension.-The block diagonal states are widely used and discussed in quantum mechanics. One
vivid example is the optical systems taking into account the superselection rules [111]. Generally, a
block diagonal state can be written as p = @, p;. Here @ represents the direct sum. One can
check that an available form of SLD operator here is block diagonal, i.e., L = @', L;, where L; is
the corresponding SLD operator for p;. Consider the scenario that each block satisfies the equation
,022 = a;p; — fi. It should be noticed that Trp; < 1 and the purity for p is P =), o;Trp; — B;. In this
scenario, each L; satisfies Eq. (99). Thus, the entire SLD operator can be expressed by

N 1
L =D - [2000:+ (65:) pi”" = Bpexi] (108)
i=1

Moreover, if p; is a 2-dimensional block, it can be expanded via the Pauli matrices into p; =
wil + ry - o, where pu; = Trp; /2, and r; is the Bloch vector for ith block. Then it can be found that p;
satisfies Eq. (98) with o; = 2u; and $; = 2u? — P;/2. Here P; = Trp?. With these coefficients, the
SLD operator for ith block reads

(2

1
L= i (Bopi + &ip; " — Oppui) (109)

where the coefficient §; = 2u;0pp; — OgP; /4. If det p; = 0, & vanishes. One simple example here is all
the X states.
Multiparameter estimation.-In multiparameter estimation, the quantum Fisher information matrix

F is also defined via the SLD operators, i.e.,
1
‘Fij = §<{L9¢7L9j}>7 (110)

where Ly, ,, is the SLD operator for parameter 6;(;). For any state satisfying Eq. (98), Fij can be
expressed by

Fy o= % (0T {91, D0} + 0,6 (9;8) Trp ™"
_ <M — ;) (0;0; B + 0;0;3) ] (111)

Here 0;(;) represents the partial derivative on 6;(;). Obviously, the diagonal element of F reduces to

3
the form in Eq. (101). For the cases that a is constant and 3 is dependent on the parameters, F;; is

in the form
1 —
Fij = —5 [aTr{dip, 00} + 93 (9;8) Trp . (112)

Especially, for a two-level state, this equation reduces to

1
Foij = Tr ({0ip, 05p}) + 18,-73 (0;P) Trp~t. (113)
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This is the general basis-independent expression of quantum Fisher information matrix for any two-
level state.

Conclusion.-In summary, we first reviewed the Lyapunov representation of the SLD operator and
showed that this representation is available for both full and non-full rank density matrices. Further-
more, based on the Lyapunov representation, we gave a method for the calculation of SLD operator.
This method is particularly useful for those states between whom the anti-commutators and their
partial derivatives exhibits periodic properties.

As an application of the given method, we discussed a class of states, which have a linear relation
with their squares. The corresponding analytical expressions of the SLD operator and QFI are provided
via the method. Especially, we successfully provide the general basis-independent formulas of SLD
and QFI for any two-level state. Furthermore, we discussed the white-noisy scenario of these states
and extend our discussion to the block diagonal states. For multiparameter estimation, the quantum
Fisher information matrix is also analytically given.

The calculation of SLD operator is an important topic in theoretical quantum metrology. We
hope this work may draw attention in the community to studying more methods to obtain the SLD

operators for various scenarios.

4.0.1 SLD operator for the states commuting with their partial derivative

In the following we give the detailed calculation of the SLD operator for the states commuting with
their partial derivative. From the equation

n+1

- _2515202 Z n+ o = C7 p™ (Dpp) " (114)

n=0m= 0
one can see that when p commutes with 0yp, this equation can be rewritten into
0o +1
) (—2s)"
L=-1 ————p" (Ogp) - 115
lmz(n+1)!p(ep) (115)

§—00
n—=

Remind that the spectral decomposition of density matrix is in the form

M
p=Y_pilthi) (Wi, (116)

where p; and |¢);) are ith eigenvalue and eigenstate of p, respectively. M is the dimension of p’s
support. In this representation, the SLD operator is
00 n+1 M
& (=29)
L = —lim g i [1i) (il O
n+ 1) 2 i [¥i) (¥i]Oap

s—o0 £~ (

- _ Z - hm —2spi _ 1) [1i) (1i|Ogp

pZ s—>oo
M
= Z |¢2><¢z‘aﬂp (117)
= 1
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It is known that Zf‘i 1 pl-_l |1i) (14| is defined as the inverse matrix of p in the support. Thus, the SLD

operator can be finally expressed by
L=p"p,

1

where p~ is the inverse matrix of p on the support.

4.0.2 Detailed calculation for the application
1. Calculation of SLD.-In the application, for any state satisfying the equation
P> =ap— B,
one can obtain the following relation
p° (9gp) = app + (9pcx) p — Do B.

Based on this equation and Eq. (119), the nth order term is in the form

n—1 m
n n n— 2
(p°)" Dgp = " Dpp + (pdgax — BpB) ™~ ) <Of)> :

m=0
Submitting this equation into the equation

— 21 - ()" )",
D=2 D gy ()" o

and since « > 0, the SLD operator can be expressed by

2
L = 589,0 -2 (,08904 - 8‘95) X

oo +1 n—1 m

. <_S)n n—1 2p

I ) e (G )
n=0 m=

Utilizing the spectral decomposition of the density matrix, the term

- &%ii %a”‘l Z_jl <2>mp;”\wi><wir
a2 e [ (2) ot

L (e 1)} o) (i,

Q

(118)

(119)

(120)

(121)

(122)

(123)

(124)

where the equality ZZ{J@ 2™ = (1 —2")/(1 — z) has been applied. Since all p; here are larger than

zero, above limitation reduces to the form
M

1 1 O

% § 1:pi i) (¢i] = 2l
1=
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1

where p~" is the inverse matrix of p on the support. Finally, the SLD operator for any state satisfying

Eq. (119) can be expressed by
1 _
L=~ 2050 + (098) p~" — Dpar] . (126)

2. Calculation of QFI.-Based on Eq. (126), the quantum Fisher information F' = (L?) can be

directly calculated as

Fo= 5[40 ~ 4(@0) (30p)
+(09B)° Tr (pt) — 2M (9par) (99B) + (Dpx)? |, (127)

where ({9gp,p'}) = 2Tr(dpp) = 0 has been applied. Denoting the purity of p as P, i.e., P = Trp?,
one can see that (Jpp) = 0y’P/2, and

((000)%) = ST [(0°00p) 7). (128)
Substituting Eq. (120) into above equation, there is
((@00)?) = 50T (D40)? + § (900) (24P). (120)
Therefore, the quantum Fisher information can be expressed by

o= % (20T (89p)* ~ (8p0) (3P) + (D90)?

+(808)° Tr (p7") = 2M (99a) (98) |. (130)
Moreover, since P = o — 3 here, above equation can finally be written as
Fo= % [QQTY (09p)* + (008)” Trp™ !
— (2M = 1) (94a) (24B) |. (131)

3. Calculation of QFI matrix.- For the SLD operators in Eq. (126), the element of quantum

Fisher information matrix is

Fij = 2Tr(p{dip,0;p}) — 0;00;P — 8;00;P + d;ad;cx
+(0:8) (9;8) Trp~! — M (9008 + 9;00;3) . (132)
Since the first term
OTr (p {9ip, Dip}) = aTr {9;p, D;p} + % (8i00;P + 9;a0;P) , (133)
and 0;P = 0;a — 0;3, F;j can be simplified as
Fy = —p|aTr {000} +0:6 (3;8) Tp™!
_ (M - ;) (0100, + 0j00,5) | (134)

When i = j, above equation reduces to Eq. (131).

26



References

[1] V. Giovannetti, S. Lloyd and L. Maccone, Nat. Photonics 5, 222-229 (2011).
[2] V. Giovannetti, S. Lloyd and L. Maccone, Phys. Rev. Lett. 96, 010401 (2006).

[3] S. F. Huelga, C. Macchiavello, T. Pellizzari, A. K. Ekert, M. B. Plenio and J. I. Cirac, Phys.
Rev. Lett. 79, 3865 (1997).

[4] B. M. Escher, R. L. de Matos Fillo and L. Davidovich, Nat. Phys. 7, 406 (2011).

[5] R. Demkowicz-Dobrzanski, J. Kotodynski and M. Guta, Nat. Commun. 3, 1063 (2012).
[6] H. Uys and P. Meystre, Phys. Rev. A, 76, 013804 (2007).

[7] A. Shaji and C. M. Caves, Phys. Rev. A 76, 032111 (2007).

[8] S. Boixo, A. Datta, M. J. Davis, S. T. Flammia, A. Shaji and C. M. Caves, Phys. Rev. Lett.
101, 040403 (2008).

[9] S. M. Roy and S. L. Braunstein, Phys. Rev. Lett. 100, 220501 (2008).

[10] Y. C. Liu, G. R. Jin and L. You, Phys. Rev. A 82, 045601 (2010).

[11] M. Tsang, Phys. Rev. Lett. 108, 230401 (2012).

[12] X. Rong, P. Huang, X. Kong, X. Xu, F. Shi, Y. Wang and J. Du, EPL 95, 60005 (2011).
[13] P. Zanardi, M. G. Paris and L. C. Venuti, Phys. Rev. A 78, 042105 (2008).

[14] X.-M. Lu, Z. Sun, X. Wang, S. Luo, and C. H. Oh, Phys. Rev. A 87 050302 (2013).

[15] G. Téth, Phys. Rev. A 85, 022322 (2012).

[16] D. Petz, K. M. Hangos and A. Magyar, J. Phys. A: Math. Theor. 40, 7955-7969 (2007).
[17] D. Petz, J. Phys. A: Math. Gen. 35, 920-939 (2002).

[18] R. A. Fisher, Proc. Camb. Phil. Soc, 22, 700 (1925).

[19] C. W. Helstrom, Quantum Detection and Estimation Theory (Academic, New York, 1976).

[20] A. S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory (NorthHolland, Amster-
dam, 1982).

[21] S. Luo and Q. Zhang, Phys. Rev. A 69, 032106 (2004).
[22] S. Luo, Chin. Phys. Lett. 23(12), 3127-3130 (2006).

[23] M. G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009).

27



[24] X.-M. Lu, X. Wang and C. P. Sun, Phys. Rev. A 82, 042103 (2010).
[25] X.-M. Lu, S. Luo and C. H. Oh, Phys. Rev. A 86, 022342 (2012).
26] J. Ma and X. Wang, Phys. Rev. A 80, 012318 (2009).

[27] L. Pezzé and A. Smerzi, Phys. Rev. Lett. 102, 100401 (2009).

[28] W. K. Wootters, Phys. Rev. D 23, 357 (1981).

[29] S. L. Braunstein and C. M. Caves, Phys. Rev. Lett. 72, 3439 (1994).
[30] L. Pezzé and A. Smerzi, Phys. Rev. Lett. 110, 163604 (2013).

[31] S. Yu, eprint: arXiv: 1302.5311 (2013).

[32] G. Téth and D. Petz, Phys. Rev. A 87, 032324 (2013).

[33] J. Liu, X. Jing, X. Wang, Phys. Rev. A 88, 042316 (2013).

[34] A. Fujiwara, Phys. Rev. A 63, 042304 (2001);

[35] A. Fujiwara, Phys. Rev. A 65, 012316 (2001);

[36] A. Monras and M. G. A. Paris, Phys. Rev. Lett. 98, 160401 (2007);
37] D. Collins, Phys. Rev A 87, 032301 (2013);

38] J. Kahn, Phys. Rev. A 75, 022326 (2007);

[39] M. Hotta and T. Karasawa, Phys. Rev A 78, 012332 (2008).

[40] R. Chaves, J. B. Brask, M. Markiewicz, J. Kotodynski and A. Acin, e-print arXiv:1212.3286
(2013);

[41] J. Kolodynski and R. Demkowicz-Dobrzanski, New J. Phys. 15, 073043 (2013).
[42] P. Hyllus, L. Pezzé and A. Smerzi, Phys. Rev. Lett. 105, 120501 (2010).
[43] M. Jarzyna and R. Demkowicz-Dobrariski, Phys. Rev. A 85, 011801(R) (2012).

[44] R. Demkowicz-Dobrzanski, U. Dorner, B. J. Smith, J. S. Lundeen, W. Wasilewski, K. Banaszek
and I. Walmsley, Phys. Rev. A 80, 013825 (2009).

[45] V. Giovannetti, S. Lloyd, and L.Maccone, Nat. Photonics 5, 222 (2011).
[46] V. Giovannetti, S. Lloyd, and L.Maccone, Phys. Rev. Lett. 96, 010401 (2006).

[47] C. C. Gerry and J. Mimih, Contemp. Phys. 51, 497 (2010).

28



[48] A. W. Chin, S. F. Huelga, and M. B. Plenio, Phys. Rev. Lett. 109, 233601 (2012).

[49] W. Zhong, Z. Sun, J. Ma, X. Wang, and F. Nori, Phys. Rev. A 87, 022337 (2013).

[50] D. C. Brody, J. Phys. A: Math. Theor. 44, 252002 (2011).

[51] J. Liu, X. Jing, and X. Wang, Phys. Rev. A 88, 042316 (2013).

[52] J. Joo, W. J. Munro, and Timothy P. Spiller, Phys. Rev. Lett. 107, 083601 (2011).

53] Y. M. Zhang, X. W. Li, W. Yang, and G. R. Jin, Phys. Rev. A 88, 043832 (2013);

[54] Y. C. Liu, G. R. Jin, and L. You, Phys. Rev. A 82, 045601 (2010).

[55] X. Jing, J. Liu, W. Zhong, and X. Wang, Commun. Theor. Phys. 61, 115-120 (2014).

[56] P. B. Slater, J. Phys. A: Math. Gen. 29, L271-L275 (1996).

[57] C. W. Helstrom, Quantum Detection and Estimation Theory, Academic, New York (1976).

[58] A. S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory, NorthHolland, Amster-
dam (1982).

[59] A. Uhlmann, Rep. Math. Phys. 9, 273-279 (1976).

[60] P. Mendonga, R. Napolitano, M. Marchiolli, C. Foster, and Y.-C. Liang, Phys. Rev. A 78, 052330
(2008).

[61] X. Wang , C. S. Yu, and X. X. Yi, Phys. Lett. A 373, 58-60 (2008);

[62] J. Liu, X.-M. Lu, J. Ma, and X. Wang, Sci. China-Phys. Mech. Astron. 55, 1529-1534 (2012).
[63] W. L. You, Y.W. Li, and S. J. Gu, Phys. Rev. E 76, 022101 (2007).

[64] M. Hiibner, Phys. Lett. A 168, 239 (1992).

[65] H. J. Sommers and K. Zyczkowski, J. Phys. A: Math. Gen. 36, 10083-10100 (2003).

[66] S.-J. Gu, Int. J. Mod. Phys. B 24, 4371-4458 (2010); J. Ma, L. Xu, H.-N. Xiong, and X. Wang,
Phys. Rev. E 78, 051126 (2008); X.-M. Lu, Z. Sun, X. Wang and P. Zanardi, Phys. Rev. A 78,
032309 (2008); N. T. Jacobson, S. Garnerone, S. Haas, and P. Zanardi, Phys. Rev. B 79, 184427
(2009).

[67] S. Yang, S. J. Gu, C. P. Sun, and H. Q. Lin, Phys. Rev. A 78, 012304 (2008); M. F. Yang, Phys.
Rev. B 76, 180403 (2007); S. Chen, L. Wang, Y. Hao, and Y. Wang, Phys. Rev. A 77, 032111
(2008); L. Campos Venuti, M. Cozzini, P. Buonsante, F. Massel, N. Bray-Ali, and P. Zanardi,
Phys. Rev. B 78, 115410 (2008); D. F. Abasto, A. Hamma, and P. Zanardi, Phys. Rev. A 78,
010301 (2008).

29



[68] S. L. Braunstein and C. M. Caves, Phys. Rev. Lett. 72, 3439-3443 (1994).

69] J. Twamley, J. Phys. A: Math. Gen. 29, 3723-3731 (1996).

[70] J. Liu, X. Jing, W. Zhong, and X. Wang, Commun. Theor. Phys. 61, 45-50 (2014).
[71] A. R. P. Rau, J. Phys. A: Math. Theor. 42, 412002 (2009).

[72] M. Ali, A. R. P. Rau, and G. Alber, Phys. Rev. A 81, 042105 (2010).

[73] Q. Chen, C. Zhang, S. Yu, X. X. Yi, and C. H. Oh, Phys. Rev. A 84, 042313 (2011).
[74] X.-M. Lu, J. Ma, Z.-J. Xi, X. Wang, Phys. Rev. A 83, 12327 (2011).

[75] X. Yin, Z. Xi, X.-M. Lu, Z. Sun, and X. Wang, J. Phys. B: At. Mol. Opt. Phys. 44, 245502
(2011).

[76] M. G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009).

[77] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in quantum metrology, Nat. Photonics 5,
222 (2011).

[78] M. G. Genoni, S. Olivares, and M. G. A. Paris, Optical phase estimation in the presence of
phase-diffusion, Phys. Rev. Lett. 106, 153603 (2011).

[79] R. Demkowicz-Dobrzanski and L. Maccone, Using Entanglement Against Noise in Quantum

Metrology, Phys. Rev. Lett. 113, 250801 (2014).

[80] D. Braun and J. Martin, Heisenberg-limited sensitivity with decoherence-enhanced measure-

ments, Nat. Commu. 2, 223 (2011).

[81] L. Pezzé and A. Smerzi, Ultrasensitive Two-Mode Interferometry with Single-Mode Number
Squeezing, Phys. Rev. Lett. 110, 163604 (2013).

[82] M. Ahmadi, D. E. Bruschi, C. Sabin, G. Adesso, I. Fuentes, Relativistic Quantum Metrology:
Exploiting relativity to improve quantum measurement technologies, Sci. Rep. 4, 4996 (2014).

[83] Y. Yao, X. Xiao, L. Ge, X. Wang, and C.-P. Sun, Quantum Fisher information in noninertial
frames, Phys. Rev. A 89, 042336 (2014).

[84] X.-M. Lu, Z. Sun, X. Wang, S. Luo, and C. H. Oh, Broadcasting quantum Fisher information,
Phys. Rev. A 87, 050302(R) (2013).

[85] G. Toth and D. Petz, Extremal properties of the variance and the quantum Fisher information,
Phys. Rev. A 87, 032324 (2013).

[86] B. M. Escher, R. L. de MatosFilho, and L. Davidovich, General framework for estimating the
ultimate precision limit in noisy quantum-enhanced metrology. Nat. Phys. 7, 406 (2011).

30



[87]

[88]

[100]

[101]

[102]

U. Marzolino and D. Braun, Precision measurements of temperature and chemical potential of

quantum gases, Phys. Rev. A 88, 063609 (2013).

V. Erol, F. Ozaydin, and A. A. Altintas, Analysis of entanglement measures and LOCC maxi-
mized quantum Fisher information of general two qubit systems, Sci. Rep. 4, 5422 (2014).

X. M. Feng, G. R. Jin, and W. Yang, Quantum interferometry with binary-outcome measure-

ments in the presence of phase diffusion, Phys. Rev. A 90, 013807 (2014).

J. Zhang, Quantum Fisher information for states in exponential form, Phys. Rev. A 89, 032128
(2014).

G. Salvatori, A. Mandarino, and M. G. A. Paris, Quantum metrology in Lipkin-Meshkov-Glick
critical systems, Phys. Rev. A 90, 022111 (2014).

J. Liu, X. Jing, and X. Wang, Phase-matching condition for enhancement of phase sensitivity

in quantum metrology, Phys. Rev. A 88, 042316 (2013).
C. W. Helstrom, Quantum Detection and Estimation Theory (Academic, New York, 1976).

A. S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory (North-Holland, Amster-
dam, 1982).

S. L. Braunstein and C. M. Caves, Statistical distance and the geometry of quantum states,
Phys. Rev. Lett. 72 3439 (1994).

S. L. Braunstein, C. M. Caves, and G. J. Milburn, Generalized Uncertainty Relations: Theory,
Examples, and Lorentz Invariance, Ann. Phys. 247, 135-73 (1996).

G. Toth, and I. Apellaniz, Quantum metrology from a quantum information science perspective
, J. Phys. A: Math. Theor. 47, 424006 (2014).

J. Liu, X. Jing, and X. Wang, Quantum Fisher information for density matrices with arbitrary

ranks, Commun. Theor. Phys. 61, 45-50 (2014).

J. Liu, H.-N. Xiong, F. Song, and X. Wang, Fidelity susceptibility and quantum Fisher infor-
mation for density operators with arbitrary ranks, Physica A 410, 167-173 (2014).

Y. M. Zhang, X. W. Li, W. Yang, and G. R. Jin, Quantum Fisher information of entangled
coherent states in the presence of photon loss, Phys. Rev. A 88, 043832 (2013).

U. Marzolino and T. Prosen, Quantum metrology with nonequilibrium steady states of quantum
spin chains, Phys. Rev. A 90, 062130 (2014).

A. Monras and F. Illuminati, Information geometry of Gaussian channels, Phys. Rev. A 81,
062326 (2010).

31



[103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

[111]

M. G. A. Paris, Quantum estimation for quantum technology, Int. J. Quant. Inf. 7, 125 (2009).

W. Zhong, Z. Sun, J. Ma, and X. Wang, Fisher information under decoherence in Bloch repre-
sentation, Phys. Rev. A 87, 022337 (2013).

Y. Yao, L. Ge, X. Xiao, X. Wang, and C. P. Sun, Multiple phase estimation in quantum cloning
machines, Phys. Rev. A 90, 022327 (2014).

X. Xiao, Y. Yao, L.-M. Zhou, and X. Wang, Distribution of quantum Fisher information in
asymmetric cloning machines, Sci. Rep. 4, 7361 (2014).

Y. Yao, L. Ge, X. Xiao, X. Wang, and C. P. Sun, Multiple phase estimation for arbitrary pure
states under white noise, Phys. Rev. A 90, 062113 (2014).

M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Communication (Cam-

bridge University Press, Cambridge, 2000).

S. Pang and T. Brun, Quantum metrology for a general Hamiltonian parameter, Phys. Rev. A
90, 022117 (2014).

J. Liu, X. Jing, and X. Wang, Quantum metrology with unitary parametrization processes,
arXiv: 1409.4057.

P. Hyllus, L. Pezze, and A. Smerzi, Entanglement and Sensitivity in Precision Measurements

with States of a Fluctuating Number of Particles, Phys. Rev. Lett. 105 120501 (2010).

32



