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1 Introduction

Entangled coherent states have found various applications in quantum information science (for a recent
review see [1]). In fact, they have been recognized as a valuable resource in quantum teleportation [2, 3,
4,5, 6, 7], quantum networks [8], quantum logical encoding [9], quantum computation [10], quantum
information processing [11] and quantum metrology [12, 13]. Despite their extreme sensitivity to
environmental effects, several experimental schemes were proposed for their production [14, 15, 16, 17,
18, 19]. Many protocols for quantum information processing use coherent states as either continuous
or discrete variables. In a discrete setting, the information is encoded in superpositions of coherent
states [20] like for instance the encoding scheme of logical qubits in even and odd superpositions of
Glauber coherent states: |0) — |a)+|—a) and |1) — |a) — | —a) (a € C). In this picture, balanced

superpositions of n-partite Glauber coherent states of type [21]
thn) o)1 @ )2 @+ @ afp £ —a)1 @ )2 @+ @ | — )n

provide a physical tool to encode n logical qubits system. This kind of multipartite Glauber states
includes the bipartite states (n = 2), commonly termed in the literature, quasi-Bell coherent states in
analogy with the four Bell states defined for two dimensional quantum systems [22]. For n = 3, the
states |¢y,) coincide with quasi-GHZ coherent states [23] which constitute the nonorthogonal analogue
of the usual Greenberger-Horne-Zeilinger three qubit states [24]. Entanglement properties of quasi-
Bell (n = 2) and quasi-GHZ coherent states (n = 3) were initially investigated using the formalism
of concurrence or equivalently entanglement of formation [21, 22]. Quantum discord, introduced in
[25, 26], which goes beyond entanglement of formation, was also considered to evaluate the pairwise
quantum discord in multipartite coherent states [27, 28, 29, 30]. The entropy-based quantum discord
involves optimization procedure that is, in general, challenging to achieve analytically. To avoid this
difficulty and to get computable expressions of bipartite quantum correlations a geometric variant of
quantum discord was proposed in [31]. It uses the Hilbert-Schmidt distance as a measure to distinguish
between quantum and classical correlations. This geometric quantifier was employed to determine the
pairwise correlations in multipartite states of type [¢y,) [30, 32, 33].

In the other hand, an important issue, in investigating multipartite entangled coherent states, concerns
the influence of the environment on the evolution of quantum correlations. In this context, bipartite
correlations in single mode excited entangled quasi-Bell [34, 35] and quasi-GHZ coherent states [36]
were investigated to analyze the effect of the photon excitations processes. Interesting results were
derived in [34, 35, 36] where the pairwise quantum correlations are quantified by means of Wootters
concurrence [37]. In this paper, we use the Hilbert-Schmidt distance as quantifier of bipartite quantum
correlations to study the distribution of quantum correlation in photon added quasi-GHZ coherent
states. Another important aspect is the monogamy property of the geometric discord which limits
the free shareability and subsequently imposes severe restrictions on the distribution of quantum
correlations between the different parts of the system. The monogamy property can be summarized as

follows. Let D12 denote the shared geometric quantum discord between the modes 1 and 2. Similarly,



we denote by Dag the geometric measure of the quantum correlation between 2 and 3 and Dyjp3 the
correlation shared between the mode 1 and the composite subsystem 23 comprising 2 and 3. The

geometric quantum discord is monogamous if, and only if, the following inequality
D23 > D12 + Das

is satisfied. In this respect, to establish the conditions under which the geometric quantum discord is
monogamous requires the determination of pairwise quantum correlations between the three modes. It
worth noticing that the concept of monogamy of quantum correlations was first discussed by Coffman,
Kundo and Wootters in 2001 [38] for the entanglement of formation in three qubits. It was generalized
after to multi-qubit systems [39] as well as other measures like quantum discord and its geometric
variant [40, 41, 42, 43, 44, 45].

The paper is organized as follows. In section 2, we introduce photon added coherent states of
Greenberger-Horne-Zeilinger type. In particular we discuss the different bi-partitions of this class of
tripartite states. For each bipartite subsystem a suitable qubit mapping is defined. The pairwise
quantum correlations, quantified by Hilbert-Schmidt distance, in quasi-GHZ coherent states are de-
rived in section 3. The influence of the photon addition processes is discussed. A special attention
is devoted to the limiting case corresponding to photon added states of W-type (Ja| — oc). The
monogamy relation of geometric discord is examined in section 3. A special emphasis is devoted to
the evolution of the geometric quantum discord deficit versus photon excitations number. Concluding

remarks close this paper.

2 Photon added coherent states of GHZ type and qubit encoding

2.1 Excitations of quasi-GHZ coherent states

An interesting class of nonclassical states in quantum optics consists of the photon-added coherent
states [46]. They result through successive applications of the creation operator a™ on the Glauber
coherent state

a) = e 2" nzoﬁln% (1)

Denoting by m the number of added quanta, the explicit form of a normalized m-photon added
coherent state in the Fock states basis {|n), n € N} is
(a*)™|a)

7 2
V{el(am)m(at)m]a) 2

|a’m> =

where
(al(@™)™(a®)™|a) = m!Ln(~|af?). (3)

The Laguerre polynomial L,,(z) of order m is defined by

" (=) mlz"
Lin(z) = z_;) (r(z')Q()m—n)' (4)



Photon added coherent states interpolate between coherent states (quasi-classical states) and Fock
states and exhibit non-classical features such as squeezing, negativity of Wigner distribution and sub
Poissonian statistics. Their experimental generation using parametric down conversion in a nonlinear
crystal was reported in [47]. Photon-coherent states are not orthogonal each other. Indeed using the
result

(—al(@)™(@")"a) = e 2P mlL, (|af?), (5)

it is simply verified that the overlapping between the states |, m) and | — o, m) (2) is

Coa2_Lm(|e?)

Lon(—Ja]?)’ ©)

(—a,mla,m) =e
Now, we consider a single mode excitation of the GHZ-type entangled coherent states defined by [23]
|CGHZ()) = Cr(a)(|a, o, @) + 7| — a, —a, —a)). (7)
where k € Z and the normalization constant Cy, is given by
C i a) =2+ 26191 cos k. (8)
Mathematically, the m photon excitation process of the first mode, is realized as follows
IGHZg (e, m)) = ((a")™ @ T@T) [GHZk(av)), (9)

from which we introduce the normalized photon added quasi-GHZ coherent states as

||GHZ (e, m))

GHZ(a,m)) = '
CH ) = T (o) | GTTZa (.70

(10)

In equation (9), I is the identity operator. Using the expressions (3) and (5), the state (10) rewrites
as

(GHZg(a, m)) = Ch(a,m)(Im, @) @ |) @ [a) + €*T|m, —a) @ | — a) @ | - a)). (11)

where the normalization factor is

C. 3 (a,m) =2+ 2me 011" cos k, (12)
with (lo)
Ly (|l
Fm = km(|a]?) = — (13)
Lin(=laf?)

The quantity rm, (13) goes to unit for m = 0 and the state |GHZ (o, m)) (11) reduces to |GHZg(«))

(7). It is also important to note that for || large, the overlap between Glauber coherent states |a)

and | — «) approaches zero and then they are quasi-orthogonal. In this limiting situation, the state
|GHZy(«)) (7) reduces to an usual three qubit state of GHZ-type [24]
1 .
|GHZ(00)) = —=(10) ©[0) © [0) +¢*7[1) @ |1) @ [1)). (14)

]
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where |0) = |a) and [1) = | — ).



2.2 Qubit encoding
To derive the pairwise quantum discord in the three modes system 1 — 2 — 3 described by the state
p123 = |GHZg (v, m))(GHZ (c, m)|,

one needs the reduced density matrices corresponding to the two qubit subsystems 1 — 2, 2 — 3 and
1 — 3. It is simple to check that the reduced density matrices p1a = Tr3pi23 and p13 = Tropia3 are

identical. They write

Ci(a,m) | [(1+ e2lal® 1— e 2l
P12 = P13 = 1o 5 [Br(cr,m))(Br(a, m)| + 5 Z|By,(a,m))(Bp(cr,m)| Z | (15)
i (a,m)
where |Bg(a, m)) are the photon added quasi-Bell states defined by
Bi(ar,m)) = Ni(a,m) [[m, @) @ |a) + e [m, —a) @ | - a)], (16)

in terms of the normalized photon added coherent state (2). The factor Ny is given
N2 (a,m) =2+ 2ime 1o cos k. (17)
where £, is defined by (13). The operator Z, in (15), is the third Pauli generator defined by
Z|Bp(a,m)) = Ni(a, m)[|m, a) @ |a) — e*™|m, —a) @ | — a)].

In the absence of photon excitation (m = 0), the states |By(c,m)) (16) reduce to the ordinary quasi-
Bell states [22]
[Br(a)) = Ni(a,0) [Ja) ® |a) + ™| —a) @[ - a)]. (18)

Similarly, by tracing out the first mode, the reduced matrix density po3 takes the form

_ Ci(a,m)
P23 = N,f(a, 0)

Kme€

_ —2|af?
)IBi(a. 0 Ba(a )]+ (£ ) Z1Bu(a,0) (Bl 0)2 (19

1+ ﬁme_2|a‘2
2

According to [20], the bipartite states pi2, p13 and pe3 can be converted in two qubit states by encoding
information in even and odd Glauber coherent states (Shrodinger cat states). To realize such encoding

scheme, we introduce the following qubit mapping

1+ ke 2al? 1 — kye2lal?
]m;ﬂ@z\ﬂ——%r——ﬁmli 4——%——f|w1 (20)

for the first mode. For the second and third modes, we consider the logical qubits defined by

1 —2\a|2 1-— —2Ia\2
|ta) =/ — +€ i 2,3 (21)

Substituting (20) and (21) in (15) (resp. ), one can express the density matrix pja = p13 (resp.
p23) in the two qubit basis {|0)1 ® |0)2, ’0>1 ® ’1>2, 1)1 ® [0)2, [1)1 @ [1)2} (resp. {|0)2 ® |0)3,[0)2 ®



[1)3,]1)2 ® [0)3,|1)2 ® |1)3}). One can verify that the density matrices pi2, p13 and pes have non
vanishing entries only along the diagonal and the anti-diagonal. They resemble to the alphabet X
and thus belong to the family of so called X-states that have been of interest in a variety of contexts

in the field of quantum information [48].

As the main of this paper concerns the monogamy property of geometric discord in the state |GHZy(c, m)),
we consider the bipartition of the state (11) in which the modes 2 and 3 are grouped in a single qubit.
For the first mode, the information is encoded in the logical qubits {|0)1,[1)1} (20) given by defined

by
m,x) + |m, m,a) — |m,

V2(L A+ el CV2(1 = ke loP)’

For the modes (23), viewed as a single subsystem, we introduce the orthogonal basis {|0)a3, |1)23} as

(22)

follows
]a,oz) + | -4 _a>
= 5 [1)23 5
2(1 + e~4lel?) 2(1 — e~4lef?)
Inserting(22) and (23) in |GHZg(a, m)), one obtains the expansion of the pure state |GHZg(a, m)) in
the basis {|0)1 ®]0)23,[0)1 ® [1)23,]1)1 ® |0)23, |1)1 ® |1)23}. Explicitly, one has

IGHZi(a,m)) = > > Capla)s @|8)as (24)

a=0,1 8=0,1

— |Oz,Oé>— ‘ —Oé,—Oé>

0)23

(23)

where the coefficients C,, g are
Co,0 = Cr(a,m)(1 + e“”)cf’c;?), Co1 = Cr(a,m)(1 — eik”)cfcg3

Cho = Ci(a,m)(1 — e*)efyer, Ch1 = Cila,m)(1 + e* ey cay.

n 1+ kye—2lal? " 1+ e 4P
= I S Co3 = B

It is interesting to note that using the Schmidt decomposition, one can shows that the density matrix

in terms of the quantities

p123 = p1j23 = |GHZg (o, m))(GHZg (v, m)| (25)

is also X shaped. This point will be clarified in the following subsection.

2.3 Fano-Bloch representations

By encoding information in the qubits (20) (21) and (23), the arising density matrices pi2 = pa23 (15)

and py)p3 (25) take, in Fano-Bloch representation, the following form

1
pap = 7|00 @00+ Tis” o0 @ o3 + Ty os@ oo+ Y TR Uk®0k} (26)
k=123

where g is the identity, o are the Pauli matrices and the correlation matrix elements are given by
TfﬂB =Tr(pap 0o ® 03).
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Explicitly, the correlation matrix elements entering in Fano-Bloch expression of the bipartite density

matrix pj2 = Trgpiog (15) write as
To3 = 2CE (o, m) (e_2|0‘|2 + fime 419 cos k)
T3¢ = 2C3 (o, m) (/<cme*2|0‘|2 + e 4ol cos k)
Ti = 2C2 (o, m) \/(1 — k2 e~ 4al?) (1 — e—4laf?)

Ty3 = —2C2 (o, m) \/(1 — K2 el (1 — e—dlaf?) e~21o cos krr

T332 = 2C3 (o, m) (,%me_4|0‘|2 + e 2l cos k) (27)
Similarly, for pa3 (19) one obtains
T = 2C3 (o, m) (6_2|O‘|2 + ke Y0 cos k)
T3 = 2C% (o, m) (e_2|0‘|2 + fime 4o cos k)
TE =203 (a,m)(1 — e~
T2 = 2C3 (o, m)(1 — e*4|a‘2)nme*2|a‘2 cos km
T2 = 2C%(a, m) (ef4|a|2 + fime 219 cos k) (28)

Using the Schmidt decomposition, the state (24) rewrites as

[GHZ (0, m)) 1123 = VA4 )1 ® [+)23 + VA= =)1 @ | =)23 (29)

where |£); (resp. |£)23) denotes the eigenvectors of the reduced density matrix p; (resp. pa3 viewed

as a single qubit state). The Schmidt eigenvalues A and A_ are given by

_ 2
_9laf2 Km T € Aol cos krr
5 .
1+ kme8al? cos kr

1

In the basis {|+)1 ® [+)23, [+)1 @[ —)23, | )1 @ [+)23,|—)1 @ |—)23}, the density pija3 (25) is X shaped

and takes the form (26). The associated correlation matrix elements are given by

1/23
T3 =1
T013|)23 = Tl‘23 = 262(@, m)e_Q‘aP (Km + 20 cog k)
T = Tl = oG, m)y /(1 — reaR) (1 — e-SIoF), 1)



3 Geometric quantum discord in photon added coherent states

3.1 Hilbert-Schmidt measure of quantum discord

The qubit encoding introduced in the previous section is of paramount importance in deriving the
geometric quantum discord in photon added coherent states (11) and analyzing the influence of the
photon excitation process. According to the procedure developed in [31], the geometric measure
of quantum discord is the distance between the state pap and its closest classical-quantum state

presenting zero discord

Dap = Iglin lpas — xaBl)? (32)

where the Hilbert-Schmidt norm is defined by || X||> = Tr(XTX) and the minimization is taken over
the set of all classical states. When the measurement is performed on the qubit A, the classical states

write

xaB = p1|t1)(W1] ® pf + p2libe) (12| ® pf (33)

where {[11),[12)} is an orthonormal basis related to the qubit A, p; (i = 1,2) stands for probability
distribution and pf (i = 1,2) is the marginal density of the qubit B. The classically correlated states

XAB can also be written as
1 3 3
XAB = 7100 ® 00+ Ztei 0i ® oo+ Z(3+)i oo ® 0; + Z ei(s—); 0 ®@0j (34)
=1 =1 i,j=1
where
= = _ B B
t =p1 — p2, e; = (P1|oi|vn), (s+); = Tr((p1pr £ p2p3)oy).

It follows that the distance between the density matrix ps4p and the classical state x ap, as measured

by Hilbert-Schmidt norm, is then given by

3

1 2
lloas = xapll* = 7| (# = 2tesTig® + (T57)7) + 3 (15" = (54)0)° + S @ — el )
i=1 1,5=1

The minimization of the distance (35), with respect to the parameters ¢, (s4); and (s_);, gives

AB AB
t:€3T30 y Z—ZeJT s

(s1)1=(s4)2=0,  (s4)3="Tg". (36)
Inserting the solutions (36) in (35), one has
2 1 7o
loan ~ sl = | T - 5 (37)
where the diagonal matrix K is defined by

K = diag(M\'P, 08, \{'P) (38)



with
MP = (TAP)?, NP = (15P)°, NP = (T5°) + (T4P)2. (39)

From the expressions (27), we obtain the eigenvalues

(1 — k2 e~4al?)(1 — g=4lol?)
(1 + ke 6lol® cos k)2
2 —4|al? —4|a)?
)\%2 — 674‘042 (1 — km€ o )(21 — € o] )7 (40)
(1 + ke 0lel® cos k)2
o—dlal? (14 £2)(1 + e 4ol 4 4p,,e= 201 cos lmr
(14 Kme0lel® cos k)2

12 _
AT =

corresponding to the state p12. Reporting (28) in (39), the eigenvalues entering in the determination

of the bipartite geometric quantum discord in the state po3 are

23 1— el ?
o <1 + kme=0lal® cos k7r> ’
1— e 4ol 2
A28 2 674|a\2 : 41
2 m 1 4 Kkmeblel? cos km (41)

o—dlaf? (1+ k) (1 + e~ 4ol ) +4kme —2lal? ¢og k:7r

)\23
3 (1 + ke 0lel® cos k)2

For the pure state pj23, we use the expressions (31) to obtain

iz (L= e~ o) (1 — e78lol?)
(1+ ke 0lel coskm)2
— _ 2
)\1|23 _ (1 K: € 4|a\ )( —€ 8la] ) (42)
2 (1 + ke 6lol® cos kmr)2
gy (L= mhetel)(1 ot
5 =

(14 ke Slel® cos k)2

From the equation (37), it is clear that the minimal value of Hilbert-Schmidt distance is reached for
the largest eigenvalue of the matrix K (38). Hence, to get the minimal value of the Hilbert-Schmidt
distance (37) and subsequently the amount of geometric quantum discord, one should compare )\‘143,
ME and MB. From the results (40), (41) and (42), it is simply verified that M\{'Z is always greater

than /\AB This implies that the largest eigenvalue A4B s /\‘143 or )\?B . Accordingly, the geometric

max
discord is given by

1
Dap = ; min{ A8 + \B M8 4 1By (43)

To write down the explicit expressions of the closest classical state x 4p to pap, one has to determine
the eigenvector €.y associated with the largest eigenvalue Apax. In this respect, two cases ( Apax =
A and Apax = )x‘qu) are separately discussed. In the case where Apax = )\{‘B , the corresponding

eigenvector is given by €1 = (1,0,0) and using (36), one gets the closest classical state

1
XAB:Z Uo®00+T§%B 03®JQ+TﬁB 01 ® o1 (44)



In the second situation where Apax = A{;‘B , the associated eigenvector is given by €3 = (0,0,1).

Reporting this result in the set of constraints (36), one shows

1
X?LXB:Z 00®00+T3%B 03®00+T£BO'0®0'3+T£BO'3®03 (45)

3.2 Pairwise geometric discord in tripartite quasi-GHZ coherent states

To analyze the influence of the photon excitation on the pairwise geometric discord present in the
state (11), we consider first the evolution of the correlation between the first and the second mode

described by the state (15). From equation (43), we have
1 :
Dip = 5 (%" + min{Ar®, A37}). (46)

where A\12(i = 1,2,3) are given by (40). The behavior of D13 in (46) is plotted, in figures 1 and 2,
as function of |a|? for different values of photon excitation order m. In figure 1, corresponding to
symmetric case, it is clearly seen that the geometric quantum discord Dio exhibits a pick. This pick
is moving from the right to the left. In particular, the height of the pick, reflecting the maximal
amount of quantum discord, increases as the photon excitation order m increases. Also, the photon
excitation induces a quick decreases of quantum discord as the optical strength || becomes large.
For antisymmetric states (kK = 1), the quantum discord D2, depicted in figure 2, shows that the
quantum discord corresponding to m = 0, 1,2 does not present peak and it decreases monotonically
as |a| increases. This is not the case for m > 3. In fact, the geometric discord starts increasing to
reach a maximal value for «, different from zero, to decrease after quickly as the Glauber coherent
state amplitude becomes large. It must be noticed that for symmetric as well as antisymmetric states
the quantum discord D15 vanishes when a — oo independently of photon excitation number m. This
limiting case corresponds to usual GHZ states (14). Another interesting limiting case concerns the
antisymmetric states |GHZ; (o, m)) when |a] — 0. In this case, it simply verified that the state (11)

reduces to

IGHZ,(0,m)) = (Vm +1lm +1,0,0) + |m, 1,0) + |m,0,1)) (47)

1
vm+3
which coincides with the three qubit W states for m = 0 [49]. In this limit the first qubit is encoded
in the Fock states |m) and |m + 1) and the two other modes are encoded in the states |0) and |1). In
the limit || — 0, the Laguerre function (4) behaves like L, (|a|?) ~ 1 —m|a|? and the quantity #,y,
(13) writes

Km = 1 — 2m|al?. (48)

It follows that the eigenvalues (40) reduce to

m2+1
(m+3)%

m—+1
(m +3)%’

m—+1

A2y T
! (m + 3)%’

A2 —4 A2 — 2

10



This shows that the quantum discord D12 is m-dependent for states of W-type (47) and one has

(m+1)2+2
D9 — ———— i <2
12 2(m + 3)? or m<
m—+1
Dy —2 ——— | > 2.
12 (m+3)2 or m

Figure 1. The quantum discord D15 versus |a|? for k = 0 and different values of photon excitation

number m.

Figure 2. The quantum discord D15 versus |a|? for k = 1 and different values of photon excitation

number m.
In the subsystem described by the density matrix (19), the quantum discord (43) gives

Doz = = (A3 + min{\¥, \23}). (50)

| =

where A\?3(i = 1,2,3) are given by (41). In the figures 3 and 4 are depicted the geometric measures of
quantum correlation between the modes 2 and 3 in the states |GHZy (o, m)) (11) as function of |a/?.
From figure 3, one observes that the height of the quantum discord Dss diminishes as the photon
excitation order m increases, contrarily to what happens with the pairwise quantum discord Dio
(figure 1). The peaks move from the right to the left. In increasing the number of added photons, Do
becomes almost identical. The behavior of D3 for symmetric states (figure 3) is different from one in

the antisymmetric states (figure 4). In particular, the quantum discord decreases monotonically for

11



m < 1. The first peak appears for m = 2 and it moves to the right for m > 3. The quantum discord
vanishes quickly, as || increases, under the effect of photon excitation. The quantum discord Dag, in
antisymmetric states (k = 1), depends on the photon excitation order m when |a| approaches zero.

Indeed, from equations (41), one shows that

4 m? + 1
)\23—>7 )\23—>7 )\23—>27 51
! (m+3)2 (m+3)2 3 (m + 3)2’ (51)
and subsequently one obtains the results
m?+3
Dy — ———=  f <2
23 SmtapE ©or M
Dos —> 2 f > 2
——— for m
277 (m+3)?

which give the amount of pairwise quantum discord between the modes 2 and 3 in the photon added

W states (47) and confirms analytically the results reported in the figure 4.

Figure 3. The quantum discord Dag versus |a|? for k = 0 and different values of photon excitation

number m.

0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 4. The quantum discord D3 versus |a|? for k = 1 and different values of photon excitation

number m.

Finally, we discuss the evolution of Dj|93 in the bi-partitioning scheme (25). From (42) it is simple to

|2

verify that the maximal eigenvalue is )\é s, Thus, the quantum geometric measure of quantum discord

12



between the first qubit and the qubit grouping the modes 2 and 3 is given by

(1 — k2 e~ 4oy (1 — ¢=8lof)

(14 KpeSlol® cos k)2

1
Doz = B} (52)

The behavior of Djp3 versus |a|? for symmetric GHZ states for different values of added photons
is reported in figure 5. In the weak regime, the geometric quantum discord increases quickly as m
increases. For high values of |a|, one obtain D23 = 0.5 independently of m. This result is easily
verified from (52). Similar behavior, when |af is large, is obtained with antisymmetric GHZ states
(see figure 6). From figure 6, it is clearly seen that in the weak regime, the pairwise quantum Djjo3

is strongly influenced by the photon excitation. In particular, when || — 0, the eigenvalues (42)

become
1/23 m+1 1/23 m+1 1|23 m+1
M T —8——s, AT — 8 ——, AT —2-8 ——0, 53
! (m + 3)? 2 (m + 3)2 3 (m + 3)2 (53)
and the explicit expression of quantum discord Dyjp3 as function of m is
m+1
D — 4 —. 54
1]23 (m + 3)? (54)
Dyjes
m=0
0.2 m=1
— m=2
m=3
0.z -— m=d
— 0T
- m=10

0.2 0.4 0.6 0.8 1 1.2

Figure 5. The quantum discord D p3 versus || for k = 0 and different values of photon excitation

number m.
Dy e

0.5
o 4a| m=0
m=1
0.4€ — m=2
m=3
0.44 — m=4
— m=7
o-e2 — m=10

Figure 6. The quantum discord Djjo3 versus || for k = 1 and different values of photon excitation

number m.
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3.3 Monogamy of geometric quantum discord in quasi-GHZ states

The quantum discord, in the states |GHZ(«, m)) (11), is monogamous if and only if the quantum

monogamy deficit defined by
Ajgs = Ags(m, |a*) = Dyjp3 — D1a — D13, (55)

is positive. In other words, the monogamy property is satisfied when the quantum discord D)3 (52)
between the first mode and the modes 2-3 (viewed as a single subsystem) exceeds the sum of pairwise

quantum discord Di2 and Di3 (46). Using (40) and (46), one shows that
(1 — k2 e~4al®)(1 — g=8lof?)

1
Dis = Dy =~
12 By (1 4 Kpeblal® cos k)2

) (56)

when A2 < A2, Conversely, for photon excitation order m and optical strength |a| satisfying the

condition A2 > A\12, one gets

—8|a? 92
—d]a? 2+ k2,e 81" 4 el cos ke
e

1
Dio = Din — —
2 BTy (1 + kmeblol® cos k)2

(57)

Using the expressions (52), (56) and (57), it is easy to check that the quantum monogamy deficit (55)
vanishes

A3 =0, (58)
for M2 < )\:1),2 and it is given by

11— [(2-3kK2,)+ (e721o” 1 2k, cos k)?] e~ 4lal®
2 (1 + kme0lof® cos k)2 ’

when )\%2 > AéQ.

The quantum discord deficit is depicted in figures 7 and 8. It is always positive reflecting that
the geometric quantum discord is monogamous. In figure 7 corresponding to the symmetric states
(k = 0), Aygs is initially zero (see equation (58)) reflecting that the condition A\}? < A? is satisfied.
By increasing the optical strength |a|, A2 becomes greater than )\:1),2 and the quantum discord deficit
increases to reach its maximal value 0.5 for |a| large. In this situation, it is intersecting to note that,
according to the equation (57), D1 = D3 vanishes and Ajgs coincides with the pairwise quantum

discord Djp3 independently of photon excitation order m.




Figure 7. The geometric quantum discord deficit Aja3 versus |a|? for k = 0 and different values of

photon excitation number m.

It is clearly seen from figure 8 that the quantum discord deficit is non zero for m = 0, 1, 2, in particular
when |a] — 0 in contrast with the states with m > 3. This result can be confirmed analytically.
Indeed, when |a| approaches zero, the antisymmetric states (11) reduces to photon added tripartite
states of W-type (47) and using the results (49) and (53), the geometric quantum discord deficit Aqa3

tends to zero for m > 2 and
2 — (m—1)2

(m + 3)2

for m = 0,1,2. The photon addition process does not affect the monogamy property (Ajes is positive

Aqo3 —

for any value of m), but modifies the distribution of geometric quantum discord among the three modes
in the states (11). In fact, in the case when m > 3 and for small values of |a|, one have A3 = 0
reflecting that the geometric discord D3 is exactly the sum of the pairwise quantum correlations

D13 and Di3 in contrast with the cases where m < 2 for which we have Aja3 > 0 for any value of |a/.

Figure 8. The geometric quantum discord deficit A1a3 versus |a|? for k = 1 and different values of

photon excitation number m.

4  Concluding remarks

In conclusion, we have addressed the question of the influence of photon excitation on pairwise quantum
correlations in balanced superpositions of tripartite Glauber coherent states of type GHZ. This family
of nonorthogonal states include Greenberger-Horne-Zeilinger and W states. By encoding information
in even and odd coherent states, we derived the pairwise quantum discord Dia (46), D23 (50) and
Dyja3 (52). We have used the Hilbert-Schmidt distance as quantifier of quantum correlations. We
have analyzed their behaviors as functions of the coherent states amplitude «. A special attention
were devoted to photon added states of W type corresponding to the limiting case &« — 0 for which
the explicit expressions of the pairwise geometric discord are derived. We have shown that the photon
excitation does not affect the monogamy property of geometric quantum discord in the quasi-GHZ

states (11). But, it modifies the distribution of quantum discord among the three optical modes,
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especially when the Glauber coherent states have small amplitudes. Finally, as prolongation of this
work, we think that it would be interesting to analyze the distribution of quantum correlations in
photon added coherent states comprising four or more modes. We hope to report on this issue in a

forthcoming work.
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